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Concerning the Analogy Between 
Combustion in a Detonation | . 
Wave and in a Rocket Engine 


. N. DENISOV | 
K. TRASHIN © 


An aerothermodynamic analysis of the overall combustion process in a rocket engine shows that 


‘the deflagration branch of the Hugoniot curve can be considered as the geometric locus of points, 


wave front. 


HE MODERN jet engine is a complex unit, in which the 
principal role is played by the combustion chamber, from 
which emerges a gaseous jet made up of the fuel combustion 
products. However, leaving aside structural details, the com- 
bustion chamber of a jet engine (Fig. 1a) can be considered as 
a cylindrical tube, into one end of which fuel is fed through 
injector i together with the oxidizer; the two form in 
region 1 a mixture that serves as the initial substance (pro- 
pellant). After the initial propellant 1 is chemically con- 
verted in the combustion zone 2, gaseous products 3 are 
formed, the specific volumes of which exceed considerably the 
volume of the initial propellant. The escape of these gaseous 
products from the chamber is throttled and accelerated by 
means of exit nozzle 1, which shapes the moving reactive jet. 
In order to perfect a jet engine chamber, it is necessary to 
know the conditions and the mechanism of combustion of the 
fuel in the chambers. The available data show that the de- 
tailed chemical-physical process of combustion in a heat evolv- 
ing chamber is rather complicated. One can consider, how- 
ever, a simpler overall picture of the combustion process in 
the jet engine chamber. For this purpose the combustion 
process, and the entire combustion chamber, are analyzed 
(1, 2)! in a one-dimensional system of coordinates, the z axis 
of which is aligned with the axis of the chamber. 

Regardless of the actual size and complexity of the physical 
and chemical structure of the combustion zone 2, the latter 
can be represented as a strong discontinuity. Passage of 
substance through this discontinuity from the initial state 1 
into the final state 3 is accompanied by liberation of energy 
Q. The initial state of the substance is characterized 
by the following initial parameters: Pressure p;, density pi, 
temperature 7’, and stream velocity u,; the corresponding final 
parameters are ps3, pz, and us, respectively. 

Translated from Izvestiia Akademii Nauk SSSR, Otdelenie 
Tekhnicheskikh Nauk, Energetika 1 Avtomatika (Bull. USSR 
Acad. Sci., Div. Tech. Sci., Power and Automation), no. 6, 1959, 


pp. 79-89. Translated by J. George Adashko. 
1 Numbers in parentheses indicate References at end of paper. 
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each of which corresponds uniquely to a definite rate of heat evaluation (called herein “‘forcing”’ of 
the combustion mode) in the jet engine chamber. It is shown that this process is unstable in a 
_ high output chamber, and a criterion of the instability is derived. 
s a definite degree of “‘forcing”’ leads to resonant high frequency pressure oscillations in the chamber. 
_ The instability of the combustion front in a detonation wave, where high frequency pulsations have 
— been experimentally observed, is characterized by the same criterion. 
established that the oblique shocks play a decisive role in the mechanism of the high frequency 
oscillations in the case of pulsating and spinning detonations, and that in this case there is no plane 
It is suggested that the pulsation mechanism in detonation is analogous to the vibra- 
tion mechanism in the combustion in jet engine chambers. 


The combustion instability at 


It has been experimentally 


An aerothermodynamic analysis of such a discontinuity 
is made possible by the well-known Hugoniot equation, 
derived from consideration of the conservation of mass, 
momentum and energy 


Ps _ — (pi/ps) + (« 
K(pi/ps) — 1 


where 7¥ is the ratio of the specific heats c,/cy. 

It is assumed here that in zone 1 the initial substance (liquid 
or even solid) is converted by evaporation into an ideal gas, 
which in passing through the discontinuity 2 retains a con- 
stant specific heat. All kinds of friction, heat transfer and 
similar losses are neglected. 

The physical meaning of different sections of the Hugoniot 
curve, shown in Fig. 2 in (p, V) coordinates (where V = 1/p 
is the specific volume), becomes clear upon analysis of the 
equation of this curve simultaneously with the equation of the 
Michelson line, which results from the laws of conservation of 
mass and momentum 


1 — (V3/V;) 


It is seen from this equation that the section JK of the 
Hugoniot curve has no physical meaning, since it corresponds 
to imaginary values of the velocity of discontinuity propaga- 
tion, i.e., propellant feed rate uw. 

The upper branch of the curve JF is an aggregate of states 
with high discontinuity-propagation velocities, i.e., it cor- 
responds to a detonation wave with a given liberated energy 
Q. According to the Jouguet principle, the rate of propaga- 
tion of the detonation front relative to the gas moving behind 
the wave equals the velocity of sound a in the detonation 
products. The branch JF contains therefore only one point 
G, which describes the state of the gas in a detonation wave 
of velocity D. 

The points above G pertain to an overcompressed detona- 
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a—Diagram of jet engine combustion chamber; b—Pressure diagram of a schematized plane detonation wave; c—sche- 


matized representation of disturbance in ignition zone 


tion wave, observed, for example, when a detonation passes 
from a wide tube to a narrow one (8). 

The points lying on the curve JG correspond to an under- 
compressed wave, which, for a fixed liberated energy, cannot 
be realized by means of ignition in a shock wave (4). 

The lower deflagration branch of the curve KM corresponds 
to the propagation of rarefaction waves, accompanied by com- 
bustion.2 This branch is divided by the tangent BC into 
sections of weak (KL) and strong (LM) deflagrations. The 
points lying on the section LM do not correspond to real com- 
bustion modes, since their realization would require (analogous 
to the section JG) larger energies than are liberated during 
the course of the reaction. 

Experimental estimates of the velocities of a flame zone in 
tubular chambers, relative to the particles of the combustible 
mixture (2), which have shown that there exist combustion 
velocities exceeding the normal flame velocities by several 
tens of times, lead to the conclusion (1 and 2) that the entire 
weak-deflagration branch (KZ) is physically real. The point 
L corresponds to a fully developed deflagration with an overall 
velocity of discontinuity propagation wu = uz, when the 
velocity of the flow of the reaction products equals the local 
velocity of sound (thermal choking limit). The combustion 
mode in which the same amount of mixture is burned in zone 
2 as in a plane laminar flame front of normal combustion, 
having an area equal to the area of the tranverse cross section 
F of the chamber, corresponds to a discontinuity propagation 
velocity = Un. 

The bundle of Michelson lines (see Fig. 2) included in the 
interval Un — uz gives a set of possible input velocities w 
each of which is determined by a given heat evolution rate of 
the jet engine in operation. The higher the input velocity w 
and consequently the combustion velocity, the greater the 
pressure drop Ap along the length of the combustion zone. 

The connection between the Mach number of the input 
flow, M, = w/a, with the Mach number of flow away from 
the discontinuity, Ms = u3/as, is given by the following equa- 
tion, obtained from the law of conservation of mass 


M; = Mi V [3] 


If the combustion rate in the jet engine chamber is “forced” 
by varying the degree of throttling of the gas escaping into 
the atmosphere from the region 3 [by shaping in various ways 
the subsonic portion of the Laval nozzle (1)], then the de- 


*We note that, depending on the boundary conditions, the 
propagation of a flame along a tube is accompanied also by a 
compression wave in the initial mixture (2, 5 and 6). The steady 
boundary conditions of the jet engine chamber stabilize the 
stationary combustion mode at a compression of constant mag- 
nitude p,; and a drop Ap = p; — ps, without production of a com- 
pression wave. 
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pendence of the constriction of the nozzle F/F* on M; is of the 
form 


4 


y¥+1 


F* Ms 
The two last equations show clearly the connection between 
the velocity of discontinuity propagation (or input flow 


Fig. 2 Hugoniot adiabat. For sake of clarity, both branches 
of adiabat, HJ and KM are normalized to an equal effective 


amount of liberated energy Q, independent of initial pressure 
of reacting mixture 
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velocity) with the constriction of the nozzle at a constant heat 
delivery Q, chamber cross section F and gas parameters 7, 
p; and 7’ in region 1. 

The points of the deflagration branch KL describe the 
states of the reaction products, corresponding to the com- 
bustion rates of an entire set of combustion chambers, each 
of which differs from the other only in the value of the critical 
cross section F* of the outlet nozzle. 

The lower a point is located on the curve KL, the more 
developed is the deflagration and the less constriction is 
necessary to bring the velocity of escape of the reaction prod- 
ucts to sonic in the critical section of the nozzle. In a fully 
developed deflagration (Ms; = 1) constriction is unnecessary 
and then a semithermal nozzle is realized with maximum 
“forcing” of the combustion mode. 

Consideration of the deflagration branch of the Hugoniot 
curve as the geometric locus of points, each of which corre- 
sponds uniquely to a definite degree of ‘forcing’ of the com- 
bustion mode in the jet engine chamber, allows us, without 
going into the specific ignition mechanism, to obtain an ap- 
proximate comparative estimate of the principal parameters 
of the engine and of the degrees of “forcing’’ of the combustion 
modes in the chambers. 

On the other hand, if we consider a specific ignition mecha- 
nism, then many indirect considerations of the possibility of 
heating the combustible mixture by stirring it with the reac- 
tion product (liquid jet engines), or by adiabatic compression 
(ramjet engines with 1 > 3), give grounds for assuming that 
in combustion, in high pressure high output chambers, the 
predominating mechanism is successive self-ignition. (This 
does not exclude, naturally, the simultaneous existence 
the mechanisms of wrinkled flame and microdiffusion turbu- 
lent combustion in these chambers.) 

The foregoing considerations give ground for assuming that 
a certain analogy exists between combustion in high output 
jet engine chambers and in a detonation wave. This analogy 
consists of the following: 

Firstly, both in a high pressure chamber and in a detonation 
wave it is assumed that the same ignition mechanism pre- 
dominates—successive self-ignition of a compressed and 
heated combustible mixture. 

Secondly, the ultimate states of the chemical reaction 
products of both processes is described by thermogasdynamic 
equations of one and the same type, and the state of the 
detonation combustion products is close in order of pressure 
(several times ten atmospheres) and temperature (about 3000 
K) to the state of the combustion products in region 3 of a 
high output jet engine chamber. 

Thirdly, the thermodynamically possible stationary com- 
bustion modes are determined in both processes by the input 
rate of the combustible mixture into the combustion zone, and 
by the possibility of igniting the mixture at the same rate. 

Furthermore, the equivalent combustion velocities of the 
combustible mixture in a jet engine chamber (uo) and in a 
detonation wave (D), reduced to identical initial conditions 
(po, po) satisfy the equation D/up = y, where y is a coefficient 
that depends on the pressure in the jet engine chamber and 
on the degree of “forcing’’ of the combustion mode in it. 
For highly “forced’’ combustion chambers of high pressure 
jet engines, y is found to be close to unity. 

In addition, both detonation and combustion in high out- 
put chambers display experimentally observed fluctuations 
(7-12) in the parameters of the chemical reaction products (ps, 
3, T; and us). Both processes are characterized by high fre- 
quency oscillations, which evidence instability in the com- 
bustion zone. 

Taking into account the exceeding difficulty of experi- 
mental and theoretical investigations of the instability of the 
mechanism of combustion in high output chambers, it is ad- 
visable to analyze (13) one of these processes—detonation. 
A study of one process is essential for knowledge of the other, 
starting from the analogy between the two. 


An analysis of the stability of the combustion in a detona- 
tion wave, represented as a combination of a plane shock 
wave and an ignition zone, shows that the application of a 
small perturbation on the combustion zone results in an in- 
crease in this perturbation. This conclusion can be drawn 
from the following analysis. 

In view of the exponential dependence of the rate of chemi- 
cal reaction on the temperature, it is assumed that after the 
lapse of the induction period + the gas mixture reacts in- 
stantaneously. This corresponds to the form of the w:ve 
(plotted in coordinates p, z) shown in Fig. 1b. The distaiice 
\ between the forward shock front of the wave A and ‘he 
front G, where the chemical reaction occurs instantaneou-|y, 
equals the product of the induction time 7 by the gas velocity 
in the wave relative to its front (D — w). 

Fig. le shows a section through such a wave, which we 
consider, for the sake of simplicity, not in a cylindrical bu' in 
a two-dimensional system of coordinates y, z. The coordin.te 
system moves with the wave in the direction of the z axis «nd 
is connected to both fronts AA and GG. Then, on the right, 
unburned gas enters into the front AA with a velocity D; 
the combustion products leave on the left, out of the disc n- 
tinuity GG, at the local velocity of sound (thermal chokiig). 

A disturbance that appears on the left of the discon- 
tinuity GG cannot propagate towards the gas contaiied 
between GG and AA, since the local velocity of sound with 
which such disturbances propagate equals the velocity of 
escape of the combustion product from GG. There is nothing, 
however, to prevent the propagation of these disturbances 
along the y axis. 

In the shock-compressed region AA-GG, the local velocity 
of sound is higher than the velocity (D — w) of the non- 
reacting gas, and therefore the disturbances produced to the 
right of GG propagate in the region AA-GG along both the y 
and the z axes, both with and against the gas stream. 

A small perturbation that is quite possible under real con- 
ditions is beb—a small bending of the front GG, resulting, for 
example, from a change in the ignition delay 7, and this can 
propagate, for the reasons indicated in the foregoing, without 
opposition in directions perpendicular to the tube axis z, as 
indicated by the vertical arrows in Fig. 1c. In this case the 
unburned gas, after being first compressed to a pressure pa, 
will expand in the zones }, i.e., the pressure discontinuity 
produced will attempt to break up in the direction of the y 
axis, and to assume the value of the pressure Pg of the sur- 
rounding burned gas. Consequently, rarefaction waves, the 
fronts of which are shown by the dotted lines, will travel in- 
side the indicated zones. Such an expansion leads to an 
adiabatic cooling of the unburned gas in the zones 6 and an 
associated lengthening of the ignition delay period r. 

In the region to the right of zone c, the unburned gas, 
after being compressed to a pressure p4, will be compressed 
even further, for when the disturbances 6 break up in the 
direction of the y axis, the already burned gas is additionally 
compressed in zone c. This additional compression of the 
combustion products violates the Jouguet principle, the wave 
becomes overcompressed in the region c, and a compression 
wave will travel through the unburned gas toward the for- 
ward front AA of the detonation wave; this compression wave 
will lead to an even further adiabatic heating of the unburned 
gas and to a resultant reduction in the ignition delay time t. 
In the limit, the unburned gas in the zones b may become 
cooled to a temperature T = 7'4(po/pa)% ~ 9/7 and the un- 
burned gas to the right of zone c will correspondingly become 
heated. 

The change in temperature of the unburned gas in the per- 
turbation zone bcb will lead to an increase in the perturbation. 
This increase in perturbation will be limited only by the limit- 
ing increase or decrease in temperature of the unburned mix- 
ture in the perturbation zone and by the corresponding change 
in the induction period 7. Taking into account the ex- 
ponential dependence of the ignition delay period on the 
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temperature, we must conclude that the perturbation will 
increase exceedingly rapidly—the detonation wave structure 
will become inhomogeneous. 

It is logical to consider only inhomogeneities that are com- 
mensurate in size with the width » of the AA-GG combina- 
tion, since small-scale inhomogeneities can be neglected com- 
pared with A, while inhomogeneities that are considerably 
greater than A will obviously no longer be inhomogeneities, 
but will represent a detonation wave that is curved as a 
whole. For inhomogeneities commensurate with \, a natural 
scale for the time of the processes in the detonation wave is 
the ignition induction period r. 

We can therefore formulate the following condition for the 
instability of the detonation zone with respect to perturba- 
tions 

If the disturbance on the combustion front increases the 
delay in ignition by a time approximately equal to or greater 
than the induction period 7, then the arbitrary initial curving 
of th front will increase and the plane front becomes un- 
stabl«. 

If the increase in the ignition delay is small compared with 
the induction period 7, then the detonation front is stable. 
On tlie basis of this analysis, the condition for instability can 
be written 


(dr/dT)AT 2 7 [5] 
where 
Al = change in gas temperature in disturbance region 
dr/dT = change in ignition delay corresponding to tempera- 


ture change 


The dependence of the ignition delay on the temperature T 
and on the reaction activation energy F is given by 
wr 4 

where 

R = gas constant 
k = pre-exponential factor 


If the pre-exponential factor is independent of the tem- 
perature and the pressure, the result is a criterion for the in- 
stability of a plane ignition zone in the detonation wave 


E T 
—— < 7 
RT ( 


or, replacing the temperature ratio by a pressure ratio 


E 1)/y 
- (7 [8] 
RT 4 PA 


The foregoing criteria for many known detonating gas mix- 
tures shows that instability should occur in practically all 
cases, 

The results of such an instability are high frequency oscilla- 
tions, the symptoms of which were observed experimentally 
by Campbell and Woodhead (8) for the first time in 1926, and 
were subsequently observed by many other scientists, who 
have investigated the detonation of different gas mixtures in 
tubes. If the propagation of a detonation wave is photo- 
graphed on a film moving in a direction perpendicular to the 
axis of the tube, the picture will show the development of this 
process with time. Photographs of the detonation of certain 
gas mixtures have a front that moves along a wavy line and 
their combustion products have a band-like structure (Fig. 3), 
indicating that the zone of maximum light emission propa- 
gates along a spiral path. Such a detonation process was 
therefore called “spin detonation” unlike the “normal” 
detonation, whose front moves in a straight line and which 
shows no band-like afterglow (Fig. 4). 

Further experimental and theoretical investigations (7, 

*In Figs. 3, 4 and 5 the horizontal direction is that of the z 
axis, and the vertical is the time axis ¢. 
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Fig. 4 Photograph of so-called ‘normal’ detonation. The — 
photograph was obtained with low resolution apparatus 


Fig. 5 Photograph of ‘‘normal’’ detonation, obtained with 
apparatus of higher resolution. Mixture 2H, + O., p = 760mm 
Hg, d = 15mm, magnification (G@) 3 natural size along z axis, 

scale along time axis—0.2 usec/mm 


> 
Fig. 3 Photograph of 
ph of spin detonati 
ion 
| 
= 


Fig.6 Track prints of a pulsating detonation. Mixture 2H: + O2, 

po = 300 mm Hg, d = 16 mm, G (magnification) = 5. Di- 

rection of propagation of the detonation wave is upwards. The 
arrows indicate the tracks of the periodic flashes 


Fig. 7 Track prints of detonation of a mixture 2H, + O:. 

a, b—spin: P) = 50 mm Hg; d = 16 mm; G (magnification) 

for a = 1.3, for b = 2.25. c—pulsating with n = 2: po = 130 
mm Hg, d = 11 mm, G = 2.5 


838 


14-16) have shown that in spin detonation the forward front 
of the detonation wave, which occupies a portion of the 
transverse section of the tube, experiences a kink and be- 
comes an overcompressed oblique detonation wave. It was 
remarked (17) that spin detonation is generally observed in a 
detonable mixture that operates near the limit of its detonat- 
ing ability. 

High resolution photography has made it possible recen ly 
(12) to show that photographs of complex structure are })’0- 
duced not only by spin-detonation waves, but also by .o- 
called normal-detonation waves, the structure of which is 
schematically shown in Fig. 1b. One such photograph, ob- 
tained with high resolution apparatus, is shown in Fig. 5 and 
displays periodic inhomogeneities in the front of the detonat on 
wave. To study the nature and mechanism of these .n- 
homogeneities, it was found particularly effective to use a 
very simple method, that of passing the detonation w: ve 
through a glass tube, sufficiently strong to remain unbroken 
after the explosion and covered inside by a thin layer of lan p- 
black. Tracks are produced on the sooty surface by the in- 
homogeneities in the detonation front-oblique compress on 
shocks (Fig. 6). Such track prints indicate the places whvre 
collisions occur between the oblique shocks. The spacing «nd 
the number of shocks near the surface of the tube are calcu- 
lated from these tracks. 

An analysis of the experimental data obtained by such a 
“track” method and by high resolution photographic scanniig, 
has made it possible to deduce the existence of two types of 
detonation waves: Spin and pulsation. The corresponding 
track prints are shown in Figs. 7a and b, and Figs. 6 and 7c, 
respectively. Spin detonations (Figs. 3, 7a and b) include 
detonation processes with a single oblique detonation wave, 
occupying only a portion of the area of the wave front over 
the section of the tube. The shape of the front remains un- 
changed in a system of coordinates that moves together with 
the wave front in rotation and in translation. 

The oblique wave, as can be seen clearly from Figs. 7a and 
b, has in turn a fine structure, evidencing periodic inhomo- 
geneities of the type of oblique shocks, i.e., the instability of 
the plane structure of the ignition zone and pulsations in the 
parameters of this overcompressed oblique detonation wave. 

In the case of pulsating detonations (Figs. 5, 6 and 7c), the 
shape of the front changes periodically in a coordinate system 
that moves together with the front of the wave in translation: 
The peaks of the front are replaced by valleys, and vice versa. 
Such a change in the shape of the front of a pulsating detona- 
tion is the consequence of periodic collisions between the 
oblique shocks and the associated pulsations of pressure at 
the point of collision. 

The breakup of the structure of the detonation wave with 
increasing initial mixture pressure is accompanied by an in- 
crease in the velocity of the propagation of the detonation 
D (Fig. 8a). Corresponding to this change in the velocity D 
is an increase in the computed theoretical average temperature 
in the wave 7'4, leading to a reduction in the delay in ignition 
7 and consequently in the width of the ignition zone, \ = 
7(D — w) (see Figs. 1b and 8a). As the ratio of the width of 
the ignition zone \ to the tube diameter d is decreased, dif- 
ferent modes are realized, from spin to pulsating detonation, 
with ever increasing values of the number of pulsations n 
(Fig. 8b) or their frequencies v, owing to the increase in their 
temperature 7', as a result of the increase in the initial pres- 
sure po of the combustible mixture. Fig. 8c shows the graph 
of such a dependence of the frequency of pulsations in the 
detonation front v and of the number of pulsations over the 
periphery of the tube n on the initial pressure of a hydrogen- 
oxygen stoichiometric mixture at a constant tube diameter. 

It is thus experimentally confirmed that the instability of 
a complex with a plane ignition front leads to localization of 
the chemical reaction in individual sections of the forward front 
AA of the detonation wave, and to oblique shocks and plaves 
of collision between these oblique shocks, where the tempera- 
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ture and density are higher than in a plane wave. Further- 


more, any section of the tube within the zone A-G of the 
schematized detonation complex (see Fig. 1b), contains both 
unburned gas and ignition products. 

It is possible, however, independently of this, to draw 
behind the real detonation wave a control plane G-G, back of 
which chemical equilibrium exists—the tube is filled either 
by combustion products containing no unreacted gas, or else 
it contains reaction products and unreacted matter in a 
constant ratio. 

In a real jet engine combustion chamber the combustion 
proc’ss is also inhomogeneous and, as already noted, there 
are grounds for assuming that the predominating mechanism 
of ignition is successive self-ignition of the heated and mixed 
fuel components. In this case the reaction time (the ignition- 
delay period) is determined by the same expression as for the 
detonation wave 

= keE/RT 


In the jet engine chamber (see Fig. 1a) the role of the con- 
trol plane G-G is played by the boundary between the com- 
bustion zone 2 and region 3, while the role of the zone AA-GG 
is played by region 2. Consequently, the initial data that 
yield the criterion for the instability of combustion in a jet 
engine chamber are analogous to the initial data used to 
derive the criterion of instability of combustion in detonation, 
and it is therefore possible to apply to the high output cham- 
ber all the discussions and derivation regarding instability of 
a plane ignition front, which were used in the case of detona- 
tion. 

The criterion of combustion instability in a jet engine 
chamber is written in the form 


where Ap is the pressure drop along the chamber due to 
combustion (Fig. 2). 

In jet engine chambers uw. < a; always, and consequently 
Apis small compared with p;. Expanding [(p:— Ap) 2/7 
in powers of Ap/p, and discarding terms of second degree 
and higher, the instability criterion in a jet engine cham- 
ber becomes 

Ap 2 1 [10] 
RT, 

Starting with the equation for the Michelson line [2], the 
Hugoniot curve [1], and again neglecting the square of the 
quantity Ap,/p, and the product (Ap/p,)M,*, we obtain 
Ap/p, = — 1)M,2(Q/a,*). We can now write the cri- 
terion [10] in the form 


EM? Q , 
RT, a;? 


At sufficiently large y, E, Ap, M, and Q and sufficiently 
small 7, and p,, the left halves of Equations [10 and 10a] can 
reach an order of unity. Then the stability of the combustion 
front will be disturbed, and pulsations of the combustion 
front will take place in the chamber. Owing to the negligibly 
small drift of the disturbance in the jet engine chamber 
(w < a»), the dimension of each pulsation in a direction per- 
pendicular to the z axis of the chamber will be on the order of 
two widths of the combustion zone 2, and therefore a total of 


pulsations of the flame front will fit within the cross section 
area of the jet engine chamber. ys 
The time of development of each disturbance is — 


(y 1)? [10a] 
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Fig. 8 Dependence of parameters of detonation wave on 
initial pressure of reacting mixture (mixture 2H, + O.,d = 16 
mm). a—detonation speed D and average temperature 7’, 
in the rate calculated from this velocity. b—shapes of leading 
front of detonation waves at instants of time ¢, and t:: I— 
spin; Il—pulsating with n = 1 pulsation along contour of tube 
cross section; III—pulsating with n = 2. c—frequency and 
number of pulsations n; the experimental points shown by 
squares have been obtained by photographic scanning method, ; 
while the others have been obtained by using track method — 
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recovery the disturbed at same 

rate with which the region 2 is filled with unburned gas. 
Then the time of liquidation of the disturbance equals the 
_ period of induction of ignition 


A Tw 
x -=—=7 
w w 
The total pulsation period consists of the time of develop- 
ment of the disturbance and the time of recovery of the 
disturbed front. However, for the pulsations in the chamber, 
where w < as, one can neglect the time of the development 
of the disturbance tz = tw/az compared with 7, and then 
the period of the oscillations in the chamber is determined 
only by the time ¢t, ~ 7. It is seen from Equation [11] that 
_ when the region 2 has a width \ equal to half the diameter of 
_ the chamber, we get n’ = 1. In this case the fundamental 
frequency of the oscillations is » = 1/7. 
When n’ = 2, 3, 4,..., i.e., the width of the region 2 is 
considerably less than half the diameter of the chamber, the 
frequency of oscillation is 


If, at a definite degree of forcing of the combustion in a jet 
engine chamber, the oscillations enter into resonance with the 
natural oscillations of the gas in the chamber, a strong in- 
crease in the oscillation amplitude is possible. 

The resonance mechanism is caused by the fact that when 
the pressure waves, whose intensity is on the order of Ap, 
pass through the combustion zone, they accelerate the com- 
bustion, acquire some of the combustion energy, and there- 
fore increase in amplitude. An approximate estimate shows 
that at resonance the pressure in the compression wave may 
become twice as large as the initial pressure p, in the chamber. 

It is established furthermore by aerothermodynamic com- 
putations (1) that the increase in the rate of ignition causes a 
considerable increase in pressure in the jet engine chamber, 
owing to the production of shock waves. Thus, if the rate of 
ignition is doubled, a compression wave is produced in the 
chamber with the pressure of four times greater than 7. 

The high frequency oscillation in the case of combustion 
in high output chambers and in detonations has not yet been 
sufficiently investigated, either experimentally or theoreti- 
cally, but the foregoing analogy of the two processes enables 
us to advance the hypothesis that the pulsations in these 


processes may have a similar nature and a similar mechanism, 
If the mechanism of wrinkled flame front turbulent com- 
bustion predominates in the chamber, then the instability 


criterion [9] cannot be employed. But even in this case the 
thermodynamic analogy between combustion in sucl) a 
chamber and combustion in a detonation wave is retaincd. 
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Location of Frontal Wave jin 
>| Asymmetrical Flow of Gas at High 7 


Supersonic Speed Over a Pointed Boy coson 


yf 
‘ N \ARIOUS gasdynamic problems it is necessary to know where 
th» form of the frontal shock wave produced in flow over : 
4 a poiited body at an angle of attack. % = half the cone — angle 
If the body is a round cone, the form of the wave can be = a angle of attack - 
readily determined from the analytical equations given in 7 = 1.4 = adiabatic exponent 
(1).'_ In engineering practice one is particularly interested in The upper sign in the equation corresponds to a meridi- 
the b-havior of the shock angles in the plane of symmetry onal plane located on the windward side, and the lower one 
of the stream (in the shadow and in the windward sides) as to a meridional plane located on the shadow side. The shock 
functions of the angle of attack, the angle of the cone and the angle @,,* is measured from the axis of the cone. Results of 
Mach number of the incoming stream. The corresponding the calculation with this formula are given in Figs. 1 and 2, 
formula (1) for these angles, after passing to the limit, has which show curves of the shock angles in the symmetry plane, 
the form as functions of the angle of attack, for different cone angles at 


7 — 1 tan (@ + a) M =4and ©. The solid lines represent the angles on the 


| = +- 2 x windward side, and the dotted ones the angles on the shadow 


‘ side. These curves disclose an interesting variation in the 
E re 2 ] position of the wave with increasing Mach number. Spe- 
(y — 1)M? sin? (6 + a) cifically, while at MM = 4 the shock angle on the shadow side 


is greater than on the windward side in all cases (with the 
exception of the cone with 6 = 40 deg) the situation is re- 


+ sina 
sin 0 cos (A + a) 


ex 
Translated from Jzvestiia Akademii Nauk SSSR, Otdelenie ge | 
- M= oo 
A. 


Tekhnicheskikh Nauk, Mekhanika i Mashinostroenie (Bull. 
ing), no. 5, 1959, pp. 117-118. Translated by J. George Adashko. ? [SS 


USSR Acad. Sci., Div. Tech. Sci., Mechanics and Machine Build- 
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This means that for each cone there 


versed at M = oa. 
exists a Mach number at which the shock again becomes 
almost round, and then flattens towards the body more 


strongly on the shadow side. As follows from Fig. 1, the 
thicker the cone, the faster this occurs at a specified Mach 
number, and at a cone with angle 6 = 40 deg this change 
in the placement of the wave occurs at M < 4. In two- 
dimensional flow a similar conclusion follows directly from an 
analysis of flow over a wedge. As to the asymmetry of flow 
over the cone, an analysis of Stone’s numerical solution (2) 
as M— o also leads to a similar result, although the use of 
this solution for M > 1 is doubtful. 

The published papers do not mention this singularity; to 
the contrary, the prevailing opinion is that the wave on the 
shadow side always departs farther away from the body 
than on the windward side. To verify this conclusion, con- 
sidering that the increase in the Mach number is equivalent 
to a changeover to a thicker cone, an experiment was per- 
formed, in which flow of air was investigated over six models 
of cones with half-angles @ = 15, 20, 25, 30, 35 and 40 deg at 


M = 4. A Toepler instrument was used to obtain shadow 
photographs of the shocks in the symmetry plane of the 
stream. The shock angles were measured by three methois: 

1 The negative was projected on a screen and the contour 
of the shock wave and of the body was traced and then 
measured with a protractor. 

2 The angles were measured directly on the magnified 
photographs. 

3 The angles were measured through a microscope. 

The last method was found to be impractical, since a 
large spread was obtained of the data obtained when ‘c- 
ducing one and the same experiment. The first two methods 
gave nearly equal results, although the overall accuracy of 
the measurement remained within 20 min. The adhe of 
processing of the pictures are shown in Fig. 1. Here the 
circles show the values of the angle in the windward side, and 
the squares those in the shadow side. The experimental 
points, as can be seen, are located near the corresponding 
theoretical curves, and the corresponding average curves 
differ somewhat from the theoretical ones. From the expcri- 
mental data it follows that as the cone angle increases the 
shock actually tends to equalize the angles in diametrically 
opposite planes, and then to assume a smaller angle in the 
shadow side. Thus, while the angle in the windward side is 
considerably less than in the shadow side on a cone with 
angle 6 = 50 deg in the presence of an angle of attack, this 
difference vanishes as the cone angle is increased and at 6 = 
40 deg the experimental values for the angle are much lower 
on the shadow side than on the windward side. Fig. 3 shows 
a shadow photograph of the flow over a cone with angle 6 = 
40 deg at a = 12 deg and M = 4. It is seen directly from 
the photograph that the angle in the shadow side is consicer- 


ably less than in the windward side. i a q 
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Revi iewer’s 


It is noteworthy that Gonor’s theoretical curves in Figs. 
1 and 2 agree well at zero angle of attack with the shock angle 
data given in NACA Tech. Rep. 1135, except for cones with 
half-angles of 30, 35 and 40 deg and at Mach 4 (Fig. 1); 
these are approximately 1 to 2 deg lower than the NACA cone 


| 
data. However, this dinero pancy does not appear in Fig. 2 2, 


the M = © case. 
This reviewer would be interested in seeing Gonor’s original 
paper (his reference 1) translated or abstracted. 


—H. P. Liepman 
Space Technology Laboratories, Inc. 
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Calculation of the Sta 


N THIS article we calculate the permissible noise ampli- 

tude for an airplane-autopilot control system, and make 
recommendations on the choice of certain autopilot param- 
eters from the point of view of reducing the influence of noise. 

The noise may be caused by elastic vibrations of the air- 
plane fuselage, electric fluctuations in the control system 
circuits, local vibrations, etc. 

We assume that the vibration noise obeys a sinusoidal law 


f(t) = B sin Ot [1] 


with an amplitude B and a frequency © that is considerably 
higher than the possible range of frequencies of the useful 
signal in the system. This means that the vibration com- 
ponent of the signal is in practice blocked by the linear ele- 
ments located past the nonlinear one, and consequently, the 
control system is an open-loop one as far as noise goes. In 
other words, the system is a low-pass filter. The over- 
whelming majority of airplane control systems have this 
property. 

A more general case, when the signal due to noise may be 
closed by the feedback loop, and the noise itself may be : 
random function of time, has been considered in detail in 
(land 2).} 

If the control system is subject to noise, the input of the 
nonlinear element will have two components 


xz = 2°(t) + A sin (Qt + ¢) [2] 


where «°(t) is a slowly variable component (the useful signal), 
and A sin (Qt + ¢) is the noise component. 

The amplitude A and the phase ¢ of this component are 
determined by the transfer function of the linear part of the 
system W,’ from the noise input point to the input to the 
nonlinear element (Fig. 1), by means of the formula 


A = B\W,’| ¢ = arg W,’ [3] 
A Fourier expansion of the output of the nonlinear element 
will have the form 


y = F°(x) + harmonic components 


where F°(x) is the useful signal, which is defined as the d-c 
component of the Fourier series. (One can neglect small vari- 
ations of this component over the vibration period 7, = 
2 

The harmonic components may be disregarded, since they 
are suppressed in the linear elements following the non- 


Translated from Jzvestiia Akademii Nauk SSSR, Otdelenie 
Tekhnicheskikh Nauk, Energetika i Avtomatika (Bull. USSR 
Acad. Sei., Div. Tech. Sci., Power and Automation), no. 1, 1960, 
pp. !65-168. Translated by J. George Adashko. 
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llity of a 
~ Nonlinear Control System in the 
Presence of Vibration Noise «. 
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linearity. It follows from Equations [2 and 4] that F° is a. 
function of two variables, A and #°. Usually F°(x°) (at 
fixed A) is a smooth function, even if the initial nonlinearity 
is jumplike, and can be linearized for small variation of the 
useful signal. Then the equation of the nonlinear element in 
terms of the useful signal becomes 


F°(x) = K,r° [5] 


where K,, is the gain of the useful signal in the nonlinear ele- 
ment. 

The quantity K, depends on A and is determined (1) by 
the formula 


K, = ) [6] 

It is found that for most typical nonlinear elements, K,, has 
the simple analytic expression (see Appendix). 

Thus, if the amplitude of the noise component at the input | 
of the nonlinear element is known, then the nonlinear ele-— 
ment can be linearized with regard to the useful signal, with | 
a gain K,. Then the nonlinear element will be seen by the — 
useful signal as a linear element of gain K,. The control — 
system can now be investigated by any method of linear — 
theory. 

Assume that we have the following automatic control sys-— 
tem (Fig. 1): 

The airplane equation (longitudinal motion) (3, Fig. 1) is | 


(p> + + asp + = Ko(Top + 16 


(Here and henceforth, p = d/dt.) 
The equation of the sensing element (1, Fig. 1) is 


= (Ki + + fil) + fo(t)] 
The feedback equation (4, Fig. 1), is 


Kp 
(t)=8SinS2t 
Ty 
3 


Fig. 1 Translation: = zy 


2 
| 
= 
BOGDANOV 
| 
te 
ted 
: 
[8] 
(9] 
i 


The equations of the steering motor (2, Fig. 1) and ampli- 
_ fier are also assumed given. 
On the basis of the physical processes that take place in 


(Fig. 2). 

Let the noise frequency be known, say 2 = 100 sec™', and 
let T = 0.08 sec. Then, after passing through the steering 
motor and the amplifier, the fundamental harmonic of the 
noise will be attenuated and its amplitude will become 


| W (ja) | * [10] 


at the input of the nonlinear element, and the assumptions 
~ made at the beginning of the article are satisfied. 

Then the equation of the steering machine and the ampli- 
fier, with respect to the useful signal, beeomes 


Considering Equations [7-9] and [11], we can represent the 
system as consisting of two blocks (Fig. 3), the airplane and 
autopilot. 

Ve In Fig. 3, K, = 1/K, is the autopilot gain, while 7; = 


autopilot. 


(Ip+i)p 


Ky 


Ko(Top + 1) 


_1T/K,K, and T, = 1/K,K, are the time constants of the 


Thus, the time constants of the autopilot depend essentially 
on the nonlinear gain, meaning that the noise affects the dy- 
namics of the system and may lead under certain conditions 
to a loss of stability. The characteristic equation of the 
system becomes 


Aop® + Aipt + Asp? + Asp? + Asp+As=0 [12] 


In accordance with the Hurwitz criterion for the stability 
of a fifth-order system, it is necessary and sufficient that ‘he 
following inequalities be satisfied 


Ay>0O A,>0 A.>0 A3;>0 Ai > 
As>0 — A,A3) > 0 
(A;Az — AoA3)(A3Ay — A2As) — (A1Ag — AoAs)? > 0 


After inserting the values of the parameters and making 
certain simplifications, the last inequality becomes 


H(K,) = — 14.2K,? + 6.51K, > 0 [14] 


A plot of Equation [14] is shown in Fig. 4. 

In the interval 0 < K, < 0.48 condition [14] is satisfied, 
but the second condition of [13] is not satisfied. 

When K,, > 13.7, all three Hurwitz conditions are satis- 
fied. Consequently, the system is stable only if 

K,, > 13.7 [15] 

If the nonlinear element has a saturation-type character- 
istic (Fig. 5), then K,, as a function of the noise amplitude 
at{the input of the nonlinear element A, is given by the {ol- 
lowing formula (see Appendix) 


K, = are sin (16] 


From [16], taking [15] into account, we can readily ob- 
tain the maximum permissible amplitude Amax of the maxi- 
mum noise component at the input of the nonlinear element 

b =~ 
sin min/2K) [17] 


Anas = 


where = 13.7. 
If, for example, K = 80 and b = 0.5, then Amax = 1.87, 
and the noise amplitude Brax will be 


Bias: = VK + Kea = K.Q [18] 
When 
Amz = 1.87 2=100 K,=09 K;=04 [19] 


we have 
Bow = 00487 


The amplitude of the velocity of the vibrations, corre- 
sponding to the resultant value Bmax’, can also be readily 

determined from [18] 


A 1.87 


— 


Fig.6 Translations: * stability; >instability; K,.=Ky; Ky=Kn 
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ares these blocks, they can be considered as the series connection 
Seas of a nonlinear element and an inertial-type integrating ele- 
Be of the amplitude at the output of the nonlinear element. 
pe In practice, therefore, there will be only one noise component 
F(z) 
t 
Zs 
— 
Fig. 2 Translation: Ko, = ky 
—— 
5 


Ie Kp, = — arc sin — 
A 
ig 
to, 
arc 
] K, = K.— are sin = 
)| 
le 
|. 
- 
t 
Kk, = — 
rA 
Fig. 7 Translations: arctg=tan~'r. Note: All formulas valid for 

Thus, it is enough to apply to the input of the autopilot a the autopilot, for example, A, 6 or Ay. If these parameters 


vibration noise Bmax’ = 4.7 deg/see in order for the control 
system to become unstable. 

In this example it was found that Bmax’ was independent 
of the vibration frequency. This is explained by the fact 
that the component of the noise frequency vibration ampli- 
y tude at the input of the nonlinear element is determined 
principally by the derivative of the vibration noise. 

The effect of vibration in the system can be reduced by a 
] rational choice of the autopilot parameters. For example, 
from an examination of the curve of Fig. 6, which shows the 
stability boundary of the system in the plane of the param- 
eters K, and K,, it is seen that the most unfavorable feed- 
back coefficients, from the point of view of the effect of noise, 
are K, = 0.2 to 0.3. 

If K, is chosen on the basis of other conditions (for ex- 
ample, from the condition of insuring specified accuracy or 
speed of response), it is possible to vary other parameters of 


Relation k, (A) 


2K b 
— (are sin — — ; in — 
( ( irc sin +) 


4 


also fail to give the required stability margin, the structure 
of the autopilot must be modified. 7 


Appendix 


Useful signal gains in the presence of vibration noise for 
certain nonlinear elements are shown in Fig. 7. 
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Reviewer’s Comment 


The article represents an interesting, specific investigation 
of the stabilizing effects of sinusoidal noise in a nonlinear 


SEPTEMBER 1960 


control system of reasonably high degree. The work illus- 
trates an application of the effect pointed out by Tsien in his 
book “Engineering Cybernetics.’’ Application of the Routh 
criterion to Equation [12] would normally yield one addi- 


ie 

= 

| 


tional condition not listed in Equation [13]; whether this 
condition is implicit in the constraints of [13] or, if not, 
whether the condition affects the conclusions on the allow- 
able ranges of parameters is not obvious to the reviewer 
without unwarranted, routine algebraic toil. Regardless of 
this aspect, the paper emphasizes the importance of a concept 
frequently overlooked in American literature—a concept 


which Y. T. Li has illustrated is also useful in the logical 
design of a class of adaptive systems (in his paper presented 
at the 1960 IFAC Congress). 


—Joun G. TRUXAL 
Department of Electrical Engineering 
Polytechnic Institute of Brooklyn 


study it an Optimal Contra System 
in Presence of Random Perturbations 


1 Investigation of Interference Immunity of an 
Optimal Open-Loop System 


ONSIDER an optimal control system with a synchronous 
detector, with a block diagram as shown in Fig. 1. It is 
known that the operation of this system is based on the fact 
that when the input of the controlled object contains a modu- 
lating signal, the phase of the alternating component at the 
output is reversed whenever the position of the system is 
shifted relative to its extremal point. The controlled object 
is represented in the form of a linear element, which takes 
into account the inertia of the object, connected in series with 
a nonlinear inertialess element, which contains the opti- 
malized quantity (8). To simplify the derivations, the origin 
is made coincident with the optimum point. 
The equation of the optimal characteristic, with allowance 
for the perturbations that change the position of the optimum 
point, will be written in the form 


= +A [1.1] 


When  ; changes, the optimum point shifts in the ¢,z 
plane (where ¢ is the criterion for optimization, and z is the 
control signal at the input of the nonlinear element) only 
along the z axis, and when A changes, the optimum point 
shifts only along the ¢ axis (Fig. 2). 

It is the task of the optimal system to follow up the opti- 


Translated from IJzvestiia Akademii Nauk SSSR, Otdelenie 
Tekhnicheskikh Nauk, Energetika i Avtomatica (Bull. USSR 
Acad. Sci., Div. Tech. Sci., Power and Automation), no. 1, 1969, 
pp. 90-101. Translated by J. George Adashko. 


1 The practical construction of optimal regulators with syn- 
chronous detectors is described in (1-4).? 
* Numbers in parentheses indicate References at end of paper. 


ing in presence of random perturbations. 
extremal system has been considered in various forms in (1,2,5,6).” 
carry out the statistical study of the entire closed system as a whole. 
(7) considers closed-loop extremal systems of the on-off type, using an idealized impulsive element 
under the influence of a random interference. However, the study is devoted only to static operating 


modes, leaving problems of system dynamics out of consideration. >. - ae 


V. M. KUNTSEVICH 


This paper considers an extremal contro] system employing a synchronous detector! and operat- 


The influence of random factors on the behavior of an 
However, papers (2-6) do not 
The paper by A. A. Fel’dbaum 


mum point, i.e., to compensate the effect of the perturbation 
\i, which shifts the working point relative to the optimum; 
the system should not respond to a change in the perturba- 
tion A, since in this case the optimization criterion changes 
only in absolute value. But, as will be shown in the follow- 
ing, the perturbation does act as a noise in an optimal sys- 
tem with a detector, and interferes with an accurate deter- 
mination of the position of the working point relative to the 
optimum point. 

The equation of the linear part of the object will be written 
in the form 


Li(p)t = 


where 


ur = regulating signal of the regulator 
dm = modulating signal, assumed to be equal to 


Lm = Om’ SiN (wmt + 6) [1.4] 


Solving Equations [1.1, 1.2 and 1.3] simultaneously and 
assuming that 06 = tan—! V*(wm)/V(wm), where V(wm) and 
V*(wm) are the real and imaginary parts of the frequency 
characteristic of element [1.2], we obtain 
= Sin? wmt + + Ai) SIN Wmt + 

a3(x +A)? [1.5] 


where 


On = On’ + V**(wm) 


It is seen from this expression that only the second term 
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contains the required information concerning the position of 
the system relative to the extremum (x + Aj), since the third 
term does not contain the sign of this deviation. 

The second term of Equation [1.5] will be rewritten 


= 2asam |x + cos [wmt — sign (x + [1.6] 


from which it is seen that the controlled object phase-modu- 
lates the output signal along with changing its amplitude. 
To obtain a voltage proportional to the deviation from the 
extremum (% + A,), the output quantity is applied to a 
demodulator (synchronous detector). 

The equation of the synchronous detector is written in 
the form 


Y = ¢SiN wnt [1.7] 
Solving [1.6 and 1.7] simultaneously, we obtain 


= + Ar) + A SiN wnt + 
+ Ax) Sin + SIN — 


SIN Bwmt + + Ax)? Sin wat] [1.8] 


To prevent false switching of the servomotor by harmonics 
of the detector output voltage, it is necessary, in a real sys- 
tem, to employ past the low frequency filter an amplifier 
with a backlash zone of a width such that the amplitude of 
the higher harmonics at the amplifier output is less than 
backlash zone. 

If this condition is satisfied, the exact Equation [1.8] can 
be replaced by the following approximate equation 


Y ~ axQn(z + 1) + Asin wmt [1.8a] 


The equation of the low frequency filter is written in the 
form 


= y [1.9] 


The equation of the nonlinear amplifieris 
u = F(z) [1.10] 
The equation of the servomotor is a 
Ls(p)up = ase 


Let us investigate the interference immunity of this system 
with the feedback loop open, under the assumption that the 
perturbation \(¢) is a stationary random function,’ observed 
in the interval (O, 7) and with a known correlation function 
Ry(r). We represent the function A(t) in the form of a 
canonical expansion (9,10) 


Mt) = (A, cos nwt + sin nert) (. = 4 [1.12] 


where A, and B, are uncorrelated random quantities with 
zero mean values, and with dispersions 


D[A.] = =D, on = VD, [1.13] 


The dispersions D, for different n are determined as the 
coefficients of the Fourier expansion of the correlation func- 
tion Ry(7) 


= al Ry(r) cos n wrdr [1.15] 
0 


Let us determine the interference immunity of an open- 
loop optimal system under the assumption that the random 
_* As can be seen from Equations [1.1 and 1.8], the perturba- 
tion \ acts like any other perturbation fed directly to the input 
of the synchronous detector, and we shall henceforth consider 
it applied to the input of the detector. 
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Fig. 1 Block diagram of an optimal control system employing a 

synchronous detector. 1-controlled member, 2-filter, 3-pulse 

generator, 4-nonlinear amplifier, 5-servomotor, 6-synchronous 
detector. Translations: u,, = um} up = ur 


Fig. 2 Characteristics of the controlled object. 1) \ = = 0; 
2)’ =0,\, 0; 3)A = 0; 


26+ 


ae 
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Fig. 3 Dependence of the error probability in an optimal system 
with a single detector on the signal-to-nose ratio; a;a@m = 1. 
1)x=1; = 0.5; 3) 2 = 0.25; 4)7 = 0 


quantities A, and B, have normal distributions and that the 
system contains an ideal low-pass filter which blocks all fre- 
quencies above w». Since the d-c component of the voltage 
y at the output of the synchronous detector is produced only 
by that synchronous component of ¢(t) which coincides in 
phase with the control signal sin w,t, the detector in fact 
separates the d-c useful signal a;a,7 (for 4; = 0) from an 
oscillation of the form 

= (a3amx + By) sin wmt (if kw, = wm) [1.16] 


It is seen from [1.16] that the fluctuation noise X(t) will 
cause errors (distortion) if B, >a3az. Therefore the proba- 
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_ Assume that the modulating signals are of the form 


the appearance of a noise By > a34m2, is 


7a J, ( 
ex = 
Jo 


ll 


9 
#(N) = — exp 
aS, 


is sien probability integral, and N = azdmx/./2 ox is the 
ratio of the effective voltages of the cana signal and of the 
noise at the detector output. 

Figure 3 shows the dependence of the error probability p on 
the signal-to-noise ratio. Since, when the characteristic of 
the object is approximated by the parabola [1.1], the value 
of the useful signal depends not only on the amplitude a,, 
of the modulating signal but also on the magnitude itself of 
the deviation x of the system from the optimum (for \; = 0), 
then the probability of the error (for constant a,,) will in- 
crease upon approaching the optimum, and when z — 0 we 
obtain p — 0.5 (see Fig. 3). Since the error probability can 
be reduced by increasing the modulation amplitude a, only 
at the cost of increased hunting (increase in the d-c com- 
ponent of g(t), due to the modulating action), such a method 
of increasing the interference immunity of the system is not 
desirable. In references (1 and 2) a method was proposed 
of using a more complex modulation signal to improv e the 
interference immunity of an optimal nem without increas- 


2 Investigation of the Interference Immunity of 
an Optimal System With the Feedback Loop 
Open, Using Two Modulating Signals of Different 
Frequency 


To increase the interference immunity of optimal control 
systems, we have proposed one specific method of com- 
pounding the signal, namely simultaneous transmission of 
two modulating signals y,,’ and uy” with different frequencies 
@m’ and wm”, and detection of the output of the controlled 
object with the aid of two synchronous detectors, controlled 
respectively by signals of frequency wm’ and wm”. A block 
diagram of such a system is shown in Fig. 4. 


sin (wm't + 6’) 
Amo’ Sin (wm"t + 0”) 


Fig. 4 Block diagram of an optimal control system with two 
modulation inputs and two detectors SD1 and SD2 (see Fig. 1 for 
symbols). Translations: * SD1; b SD2; M 
Reviewer’s note: yum should be um’ and um: should be u»” to be 
consistent with text 


iv, 


bility p of the appearance of an error, i.e., the probability of 


(Van’ ) 
U(om 


U(wm”") 


= ——_ = tan“! — 


and the equations of the synchronous detectors SD1 and 
SD2 are respectively 


y= ¢ sin » 


The frequency ratio of the modulating signals is assum:d 
to be 1:2. Such a ratio is convenient both from the point of 
view of selection of the low-pass filter parameters, and from 
many other practical considerations in the construction >f 
the actual system (4). 

Solving [1.1, 1.2 and 2.2] simultaneously and taking in‘o 
consideration the remarks made in the foregoing, we find that 
(for A; = 0) each of the detectors actually separates a usefl 


d-e signal from an oscillation of the form * 


= + Bi+1) sin 2wm't 
; (if We = Wm 9 
[2.3 
where 
= ni! + 


Anz = Om2! V + 


The probability that a fluctuating noise \(¢) can produce 
an error (a change in the polarity of the detector output 
voltage) is equal to the probability that Bi. > asamiv and 
correspondingly Bri: > a@3am2a. The probability of the 
appearance of an error in each of the detectors SD1 and 
SD2, each considered separately, is determined from Equa- 
tion [1.17]. 

We now determine the probability of a simultaneous ap- 
pearance of errors in both detectors. The probability of 
simultaneous appearance of two independent events is equal 
to the product of the probabilities of each event. Since, 
by definition, the random quantities B;, and B41 are uncor- 
related, the probability of simultaneous appearance of errors 
in the detector, under the influence of fluctuations, is 


Pie = Pipe 


where p; and p2 are the error probabilities determined from 
[1.17]. Assuming the amplitudes of both modulating sig- 
nals to be equal, i.e., = = Gmi2, and considering the 
dispersion of the noise at the frequencies wm and 2wm” also 
to be equal, we find that the probabilities of a simultaneous 


Pis = — [2.4] 


A comparison of the probabilities of the errors of both 


_ systems shows that at equal hunting errors, the compounding 


of the modulating signal increases considerably the inter- 
_ ference immunity of the optimal system. 

Naturally, any further compounding of the modulating 
system by introducing a third and even higher harmonics and 
using detectors tuned to these harmonics, makes it possible 
to increase the interference immunity even further without 
increasing the hunting. But in many cases the limited 
bandwidth of the controlled object doesn ot permit the use 
of more than two or three harmonics in the modulating signa]. 
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3 Investigation of the Interference Immunity of 
a Closed-Loop Optimal System 


In the foregoing, we investigated the interference immunity 
of an open-loop optimal system and took into account only 
the error induced by the noise at zero frequency, i.e., we 
studied only the d-c component of the output voltage of the 
synchronous detector, assuming the low-pass filter to be 
ideal. In practice, real low-pass filters of a definite band- 
width are used. The behavior of the closed-loop system is 
also affected by the fluctuation of the voltage at the output 
of the synchronous detector, resulting from the beats be- 
tween the noise and the reference voltage of the detector. 
These detector output voltage oscillations are fed, in final 
analysis, to the input of the servomotor and cause it to operate 


= = — + Qrw) (Are? — 422,707) = — 


falsely. Therefore, to obtain a better evaluation of the 
quality of an optimal system it is necessary to investigate 
it with a real filter, in the presence of noise, and with the feed- 
back loop closed. 

Let us consider the passage of a signal (regular component) 
and of noise through the nonlinear element of the control 
object, and let us establish the connection between the char- 
acteristics of the random quantities at the output and input 
of such an element (11). 

Let the nonlinear part of the control object be described, 


as before, by Equation [2.1], where 


We shall assume henceforth the perturbation \,(t) (see 
Eq. [1.1]) to be a specified function of the time, and the quan- 
tity z(t) to be a stationary random function, defined 
within a certain interval of variation of the argument t. 
We represent it in the form 


x,(t) = m,(t) + 2,°(t) 


where m_(t) is the mean value of the random quantity 2,(t) 
and 2,°(t) is a random component with zero mean value and 


an autocorrelation function R,(7). 
We denote the regular component at the input of the non- 


linear element by v 


= m,z(t) + Ar(t) + am SIN 


YYr ¢ 
J0 


= + Am SID Wat 


[3.1] 


fe = [2a;°R.7(r) + = wm(7) + 


= : f [R(r) cos wrdr = 
Jo ; 


Then Equation [1.1] of the nonlinear element can be re- 
written 


+ v)? [3.2] 


from which we obtain, by averaging, an expression for the 
expectation value m, of the output of the nonlinear element 


[3.3] 


a3(2, 


6 


Mp = —a3(o,7 + v?) 


where oz? = R,(0) is the intensity of the fluctuation z,°. 
The fluctuations at the output of the nonlinear element 
are determined by the difference 


[3.4] 


= — My = —a;(z,? — + 2x) 


For the autocorrelation function we can now write, on the 


basis of [3.4] 


ox") oz") + 
| +2a3?[v( 2,7? De + — 1)a7] 


[3.5] 


The last term in the square brackets vanishes, since 


When 2,x,, = R,(r) we find that the autocorrelation func- 
tion is 


= *,, = 0 = Bis 0 


] 
Let us analyze the passage of a random cual (t) 
through a synchronous detector, the input of which receives 
also random noise A(t). The detector output voltage is 


= + 200,R,(7)] 


y() = sin emt + A(é) sin wmt [3.7] 


It is seen from [3.7] that even though the random func- 
tions ¢(t) and A(t) are stationary random quantities, the 
random function y(t) is no longer a stationary random proc- 
ess, since its autocorrelation function [i.e., the statistical 
average of the product y(t)y(t + 7)] and its spectral density 
depend on the time. The quantity of practical importance 
is the average (over the time) value of the spectral density. 
This quantity, which we denote by S,(w), is connected with 
the average (with respect to time) autocorrelation function by 


by the same relations that hold for the spectral density of the 
functions ¢, \ and the autocorrelation functions R,(7), Ry(7) 


(f = sin wnt) [3.8] 


= ww 2 
0S wrdr = ff; cos wrdr + = f Ry(7)ff-cos wrdr [3.9] 


0 


Let us consider the first component of the spectrum in 
[3.9], which, considering [3.6 and 3.8], can be written in the 
following manner 


= R.(r) + = R.(r) cos 2wmr [3.10] 

Considering that 

= COS Wmt WV, = 4m? COS WmT [3.11] 
Let us use furthermore the following relations 

= 
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= 


9 @o 
S’(w) = R(r) cos wrdr 
0 


‘Taking [3.12, 3.9 and 3.10] into consideration we obtain 


for the spectral density at the detector output the following 
expression 


a3 


S,(w) = 


af 


S.(#) = : 2 R.(r) cos wrdr [3.14] 
0 
2 
Sx(w) = — cos wrdr [3.15] 
Jo 
Sy'(w) = — om) + + wm)] [3.16] 


It is seen from this expression that the spectral densities 
at the output of the detector and the input of the nonlinear 
element are connected by nonlinear relations, so that it is 
impossible to investigate accurately the closed-loop control 
system in general form. We shall assume henceforth that 
the spectrum of the noise \(¢), causing the fluctuations in the 
closed-loop control system, is uniform over the bandwidth of 
the system. We shall also assume for an approximate solu- 
tion of the problem of interest to us that the spectrum at the 
detector output is determined only by the first two terms of 
expression [3.13], ie. 


ine 


S.(w) + Sx’(w) [3.17] 


Sy(w) ~ 


The basis for replacing Equation [3.3] by the approximate 
Equation [3.17] is the following argument. The spectrum 
of the fluctuation S.(# — 2w,), corresponding to the high 
frequency oscillations, is outside the bandwidth of the sys- 
tem, and can therefore be disregarded. The greatest error 
resulting from going from [3.13] to [3.17] is due to neglecting 
the spectrum of the high frequency fluctuations S,(w + 2wm) 
(which are adjacent to w = 0), but the spectral density of these 
fluctuations does not amount in any case to more than 0.25 
of the spectral density of the principal term S,(w). 

The spectrum corresponding to the last term of the curly 
brackets in [3.13] can also be represented in the form of a 
sum of low frequency and high frequency fluctuations. When 
the optimal system under consideration (which, like ordinary 
control systems, is a low-pass filter) is acted upon by a 
random function with a spectrum that is uniform within the 
bandwidth of the system, the autocorrelation function of the 
variable x can be represented (although approximately) in 
the form ace 


R.(r) = exp(—a|r|) cos Br [3.18 


which corresponds to a spectral sie a 
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2 
S.(w) + Sy"(w) + [Sel + S.(w + Qwm)] + f 
m 0 


S."(w + 28 — + 


R,?(r) COS COS {3.13 


where 


= 2a 2a 
4a? + (w 4a? + (w — B)? 


is the spectral density corresponding to the autocorrelatio: 
function R,’(r) = exp(—2a |r |) 

The high frequency components of the spectrum S,"(« 
lie outside the bandwidth and can be disregarded. As to th 
low frequency fluctuations, adjacent to w = 0, it is seen from 
[3.20] that they amount to not more than 0.15—0.2 of the 
spectral density of the principal term of [3.13]. 

The expectation value of the regular component at the out- 
put of the detector is determined from [1.7 and 3.3] 


[3.21 | 


My = My SIN wmt 


‘Substituting [3.3] in [3.21] we obtain, after averaging over 
the time 
My = —a3xan(m, + ri) [3.22] 
which corresponds to the previously obtained expression [1.8]. 
Thus, from the point of view of the transformation of the 
expectation values, the nonlinear portion of the controlled 
object and the synchronous detector are equivalent to a linear 
inertialess element that satisfies Equation [3.22], and it fol- 
lows from [3.16 and 3.17] that, from the point of view of the 
transformation of random components, these elements can 
also be approximated by a linear element satisfying the equa- 
tion 


y(t) = — + AW) Sin Ont [3.23] 
v2 


We now establish a quantitative connection between the 
characteristics of the random functions for the input and 
output quantities of the nonlinear amplifier with the charac- 
teristics [3.2]. 

We use for this purpose the method of statistical lineariz- 
ation (12), which is at the present time the only method that 
allows an investigation of the accuracy of systems containing 
elements with discontinuous functions. 

The principal idea of this method is to choose such an ap- 
proximate linearized connection between the output and the 


input of the nonlinear inertialess element, that the expecta- 
4 


tion values of the autocorrelation functions of the actual 
function and of its approximation be sufficiently close to each 
other. 


a a 
S.(w) = (o + ae a? + — =] in Thus, if the random functions u(t) and z(t) are connected 
st by a functional relationship 
Taking [3.14, 3.18 and 3.19] into account, the spectral 
density S,”(w), corresponding to the autocorrelation function u(t) = Flz(t)] 
1/am?R.*(7) COS can be written in the form 
| 
, ‘ oa 
- = [Sz + + — 28 + wm) + 


i6a,2 — 28 — wm) + + 286 + wm)] [8.20] 
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Fig. 5 a—Dependence of the statistical transfer factor k;’ of the regulator component on m, o,, for F(z) given by Equation [3.27] 


as 
ko = — yo (m, a1) 
mz 


mz 


oz 
= — = — 
A A 


b- Dependence of the statistical transfer coefficient k, of the random component on m,, o, for F(z) given by Equation [3.27] 


¥i(M,, 
cz 


then the transformed random function is represented in the 
form 


_ 
kam 
where ko and /; are the static transfer functions of the non- 
linear element with respect to the regular (m.) and random 
components. 

For an approximate determination of the coefficients ko 
and k;, two methods have been proposed in (12), one of which 
{called the second method in (12)] consists of determining ko 
and k,, starting out with the requirement that the expecta- 
tion value of the difference of the two functions, the true and 
the approximating one, be a minimum. Since this method 
yields too high values for the coefficients ko and k; (by up to 
20 per cent), and since we have discarded several terms to ob- 
tain the approximate equation [3.17], it is better to employ 
for partial compensation of this error the somewhat over- 
estimated values of ko and k;, obtained by calculation with 
the second method of (12). 

The statistical transfer functions are simplest to determine 
when the input function has a normal distribution. We 
shall use henceforth the curves for ko and ky, calculated in 
(12), by making precisely this assumption. The physical 
basis for using statistical transfer functions calculated from 
the normal distribution is the fact that the nonlinear element 
is connected in series with the inertial linear elements. On 
the other hand, as the linear part of the system transforms the 
random functions, it transforms the distribution law and 
makes it closer to normal. 

We can now write, on the basis of the results obtained from 
[1.2, 3.22, 2.9, 3.24 and 2.11], the following equation for the 
expectation value of the coordinate z in the closed-loop 
system 


[Li(p)Le(p)Ls(p) + a305Amko(m., a.) |m:; = 
[3.25] 


and the following equation for the random components on the 
basis of [1.2, 3.23, 3.24, 2.9 and 2.11] 


v2 


[Li(p) Lo(p)Ls(p) + 


L;(p) = p F(z) = 0 for |zi< A 
— aforz<—A 


ki(m., = Li(p)Ls(p)d sin wmt 


Equations [3.25 and 3.26] make it possible to analyze the 
closed-loop optimum system and to select, by calculating 
several variants, the optimum parameters of the system and, 
particularly, to obtain the optimum value of the amplitude 
of the modulating signal. 

Equations [3.25 and 3.26] determine the unknown values 
of m, and o.. However, the right halves of these equations 
contain also the quantities m, and oz, through the expressions 
for ko(m., oz) and k,(m., and they must therefore be deter- 
mined by successive approximation or graphically, using 
curves of the functions ko and k;. After determining m, and 
o. by solving [3.25 and 3.26], we can then determine the 
mathematical expectation and the dispersion of any other 
variable system. 

To illustrate the procedure developed in the foregoing, let 
us consider the example which follows. 


Example: Let the transfer functions of the elements of a 
system have the following form 


Li(p) = (np + 1) L2(p) = (rep + 1) 
+ a forz >A 


We assume, furthermore, that \;(t) = 0, i.e., we investigate 
the behavior of a system with a fixed optimum point (on the 
x axis) under the influence of a random noise \(¢), which has 
a spectral density S,(w) = 2c? (“white noise’’). 

The purpose of further investigation is the determination 
of the optimum value of the amplitude of the modulating 
signal a,°, at which an expectation value is attained for the 
deviation of the system from the optimum point (mg)min, for 
a constant overall gain of the entire system. 

We assume furthermore that the closed-loop system is 
stable for the selected values of the parameter [a stability 
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test can be performed by the method of harmonic lineariza- 
tion; see, for example, (3)]._ The backlash zone of the non- 
linear amplifier and the parameters of the low-pass filter 
are chosen here such that for the assumed amplitude of the 
modulating signal, the conditions under which [1.8a] is valid 
are satisfied. As follows from [3.25], m. = 0 when di(t) = 0. 

The amplitude-phase characteristic of the system, for 
variable z, becomes in this example 


jo(1 + jwr7i) 


W.(jw) = i 
— + 72) + jw + Vi mk (02) 


Using the well-known relations (9,13), we find that the 
mean squared error ¢,’ is 


[jo(1 + jor) |? 


where £,(¢,) can be considered as a constant. 

Substituting the resultant expression into [3.3] for the 
expectation value m, and taking [3.1] into account, we 
obtain after averaging 


~ | + 72)c? + a,,.* 
a 
+ 72 — T1722) 2 
A test for the minimum of the resultant expression shows 
that the minimum of mg is obtained when 


where S,’ (w), on the basis of [3.16], is given in this case by 
Sy'(w) = 
Using the handbook tables (13,9), we finally obtain 


2 


2 
o,=c* 


For the given numerical values of the system parameters, 
solving this equation by trial and error [using the curves of 
Figs. 12 and 14 of reference (12)], it is easy to determine the 
numerical values of and k,(¢;). 

Since the further investigation of the optimal value of a» 
is based on the assumption that the varied parameters are 
the quantities a,, and ao, and that the overall gain of the 
system does not change, i.e. 


T2 9 
27172 E + 72 x, | 


_ 


az = Vi = const 


2 
where 


and ¥;(0;) is the curves of reference (12), it 
is not necessary to calculate the numerical value of k:(¢,) to 
obtain the optimum value of am, since k:(c,) and o; remain 
constant with varying a,, and for ax = const. 

Substituting p = jw in the transfer function of the system 
relative to the variable x, we obtain for our example the fol- 
lowing amplitude-phase characteristic 


ayask;(o2) 
— + 72) + jw + 


W,(jw) 


For the mean squared error o,? we obtain 


— + 72) + jw + | 


5 = 


where 


+ T2 — T172z) 


Under optimum choice of the amplitude of the modulatiny 
signal, i.e., when Gm = @m°, we have 


2az(71 + 72) 


(m1 + — 


(mg) min = V2A = 


Putting 7 = 0 in [3.4] and averaging [3.6] over the time, 
we find that the average mean squared error is 


= + ag 


Comparing this relation with the expression for the mini- 


aw 
mum of mg, it is easy to note that the minimum of ¢,? is 


reached when a», = VA. 
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agasky(o2)(71 T2) 
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Reviewer’s Comment 


The author considers a class of extremum-seeking control 
svstems in which sinusoidal modulation is employed in con- 
junction with a synchronous detector to detect the deviation 
from the extremal condition. The paper extends the work 
in this field to the case where the dynamics of the system 
elements may be considered, as well as the effect of a random 
disturbance occurring within the system. The results of the 
development in the paper permit the selection of the ampli- 
tude of the modulating signal in order to minimize (in the 


mean square sense) the effect of the random disturbance on 
the extremum searching function of the control system. A 
numerical example is presented to illustrate the technique. 
The paper further indicates an intensive effort in the field 
of optimalizing control in the USSR, an effort which was 
particularly notable at the Moscow IFAC Congress. 


—Joun G. TRUXAL 
Department of Electrical Engineering 
Polytechnic Institute of Brooklyn 
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ANY RECENT papers on gasdynamics are devoted to 
methods of investigating self-similar gas motion (1-6).! 
As is well known, a self-similar motion is defined analytically 
by means of a system of equations in which the number of 
: independent variables can be reduced by a change of variables. 
This property of self-similar motion simplifies considerably 
the principal equations and affords solutions to many problems 
of practical importance, which otherwise would entail in- 
surmountable difficulties. 

In this connection, interest attaches to problems involving 
flow which is nearly self-similar. Each particular flow of this 
class is associated, in accordance with a definition which will 
be given in the following, with a nearly equivalent self-similar 
flow. The elements of the self-similar flow, which we shall 
call the basic flow, are assumed known. 

The purpose of the present work is to obtain the hydrody- 
namic elements of a plane or axially symmetric unsteady 
nearly self-similar motion, i.e., to obtain the corrections to the 
known self-similar solution. 

In this case, if some self-similar problem can be solved for a 
wedge (or cone) of arbitrary angle (or if a corresponding series 
of experimental data is available), it can be assumed that the 
solution of this problem will give us, in some unique linear 
formulation, a flow of the same kind about any cylindrical 
(or axially symmetric) body, with a profile such that the 
derivative of the contour lines does not change too rapidly. 

Translated from Vestnik Leningradskovo Universiteta (Bulletin 
of the Leningrad University), no. 1, 1960, pp. 111-122. Trans- 
lated by J. George Adashko. 

1 Numbers in parentheses indicate References at end of paper. 
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Problem of Nearly Self-Similar | 
Unsteady Motion 


1 Unsteady Plane Flow About a Nearly Wedge- 
Shaped Body. Formulation of the Problem 


The degree to which the surface of a given cylindrical body 
is close to that of a certain wedge is judged by the following 
conditions. 

1 The generatrices of the cylindrical surface of the body 
are parallel to those of the wedge. 

2 The profile of the wedge is tangent to the profile of the 
given body at the nose. 

3 The angles between the wedge and the tangent to the 
profile of the body are assumed to be small everywhere. 

We choose a Cartesian coordinate system such that the 
profile of the body lies in the (x, y) plane and the origin 
coincides with the nose of the profile. For simplicity we as- 
sume the profile to be symmetrical about the x axis and con- 
sider only its upper half (Fig. 1). 

In all further investigations we make the usual gasdynamic 
assumptions and consider the gas to move adiabatically and 
to be free of internal friction. 


Equations of Motion 


The equations of unsteady plane gas motion are of the form 
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projections of the velocity on the x and y axes, re- 


spectively 
p= presure 
p = density 
= ratio of specific heats. 


Let uo, %, Po and po be the corresponding hydrodynamic ele- 
ments of flow about a wedge. 

We assume that a small deviation in the shape perturbs the 
principal flow (about the wedge) slightly, i.e., we assume that 


u(z, y, t) = uol(z, y, t) + y, 

v(z, y, t) = w(z, y, t) + y, b) 

t) = Po(z, t) + plz, t) 

t) po(x, t) + pi(z, t) 


where the new unknown functions w, %, 71, 9 and their first 
derivatives are small quantities (of first order) compared with 
Uo, Uo, Po and po. We neglect small quantities of second order. 
Linearizing Equations [1.1] under this assumption, we obtain 
a system of four linear equations with variable coefficients. 

All the coefficients of this system will be, as hydrodynamic 
elements of self-similar flow, the functions of two independent 
variables oy 


7 = 


~ ic 


Therefore, changing the resultant linear system from the 
variables xz, y and ¢ to the variables £, n and ¢ and introducing 
the following notation [see, for example, (4) ] 


— & = Uol€, n) 
vo(—, n) — = Vol€, n) 


A Op 1 


pit ~ 


8 OE Veg 


0§ 


“Po 
OV, 1 
0 


+ 4 Po ( + 
ou, OV, 


The fact that the problem formulated is close to self-similar, 
together with the form of the system [1.4], gives grounds for 
seeking a solution in a special form, as is done, for example, for 
certain types of flow in (7, 8 and 9). We shall seek a particu- 


only functions of two variables (€ and 7), and ¢ does not enter 


_ the system [1.4] in the form [1.5]. 


_ the fundamental flow (about the wedge), since, according to 


lar solution for our system in the form proposed for different 
systems by scone (9) 


n, t) = n) 9, t) = n) 
t) = n) plé, n, t) = a(é, n) 
where 
a = a certain constant satisfying the inequality 
a>l 
ii, 0, P, 6 = new unknown functions 


Substituting Equation [1.5] in [1.4] we get 


Op _ 


ov 


_ This system for the determination of a, 3, p and ™ contains 


explicitly. Consequently we can seek a particular solution of 


Boundary Conditions 


Any initial condition of the system [1.4] can be satisfied with 
_ the aid of the particular solution [1.5], upon suitable choice of 


Equation [1.5] we have for = 0 


oy 
and 
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Pp = Pe 
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It is easy to show that ie a siintens of .f the form nt [1.5] to 
satisfy the flow condition [1.4], it is necessary and sufficient 
that the equation of the profile of the body be represented, 


with the necessary degree of accuracy, in the form 
= tan + [1.7] 


where a > 1 and ¢, are certain constants chosen to match the 
form of the profile and to satisfy the condition that c.x%, to- 
gether with its first derivative, be small functions, over the 
entire interval of the values of x under consideration. 

With this, the condition of flow for the system [1.4], re- 
ferred to the surface of the wedge (in view of the small dis- 
tance), is transformed into a boundary condition for the func- 


tions 7) and 7) and becomes 


8] 
Uo n=tanw-é 


where ¢ = ac. Fora solution of the form [1.5] to satisfy the 
conditions on the surface of a strong discontinuity, it is 
necessary and sufficient that its equation be representable in 
the form 


= tf(&) + (1.9) 


where 7 = f(&) is the equation of the surface of the strong dis- 
continuity of the fundamental flow, a is determined by the 
form of the profile, and the function ¢*¢() together with its 
first derivative are small quantities of order not lower than 
the first. 

We then obtain for the functions a, +, p, and » boundary 
conditions written (in view of the smallness of the distance) 
on the line » = f() in the form 


i+ = Aige’ + + + + Eyp— + 
i+ = Aoge’ + + Cott- + D.b- + + F.p- 
p+ = Azote’ + + + + + 
b+ = Aggy’ + + + + + 


where the primes denote the corresponding derivatives; the 
subscripts minus and plus denote the values of the functions 
ahead of and past the strong discontinuity, respectively; Ai, 
B,, Ci, Di, E; and F; are functions of , known on 7 = f(&), 
defined by the formulas 


‘ » 


2 2M 
*+1 80 


« 
x+1 (2) 
2 
x+ 1 gw (§) 


SEPTEMBER 1960 


4 999 
4 
*+1 
D 4 999 
etl Bo ey 
x—1 
(x+ 1) hese 
£285 (2M, +x — 3)? 
B 
£085 (2M, + x — 2)? n=f (3) 
4(x+1)f’e9 (M, —1) 
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where the subscript ‘0’ denotes elements of the fundamental 
flow. The following symbols are used 


= velocity of sound 

velocity of propagation of line of strong discon- 
tinuity 

= V1 + 

mo = (E+ f-f’) — + f'r0~) 


Oa 
ll 


a \* 
M, ( $1 
My 
= 


It must be noted that the latter conditions are valid only for 
strong discontinuities of not too low an intensity, the propaga- 
tion velocity of which differs from the velocity of sound by an 
amount whose square can no longer be neglected. For shock 
waves that are too weak (for which J, is a quantity of first 
order of smallness), the small values of #, 3, p and 4 may lead 
nevertheless to a value of ¢ which is no longer small, thus con- 
tradicting the basic assumption that our flow is nearly self- 
similar. 

It is obvious that in order for a solution in the form [1.5] 
to satisfy the conditions on the line of stationary discon- 
tinuity, its equation must be representable in the form 

= iF (t) + t*x(&) + [1.12] 
where 7 = F(€) is the equation of the line of stationary dis- 
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continuity of the fundamental flow, and the sum t*x(£) + xo(¢) 
is, together with its partial derivatives, a quantity of first 
order of smallness over the entire range of variation of the 
independent variables of interest to us. 

Then the boundary conditions, written on 7 


[Pp] = 0 


F(é), be- 


— = Uo | ig? * > 


where the primes denote the derivatives, and the difference in 
the values of any function 6(£, 7) on both sides of the discon- 
tinuity line is denoted, as usual, by [b]. Conditions [1.13], like 
conditions [1.8 and 1.10], do not contain ¢ and are the bound- 
ary conditions for the system [1.6]. 

The problem posed has thus been reduced to a solution of 
the system [1.6] in the plane of the two independent variables 
(é, n) subject to boundary conditions which, depending on the 
specific formulation of the problem, are a suitable combination 
of conditions [1.8, 1.10 and 1.13]. 

If the equation of the profile of the body cannot be repre- 
sented with sufficient degree of accuracy in the form [1.7], 
or if the degree of approximation to the form of the discon- 
tinuity line as given by Equations [1.9 and 1.12] is insufficient, 
a more precise formulation of the problem becomes necessary. 


More Precise Formulation of the Problem 


The problem can be formulated in practice with any neces- 
sary degree of accuracy if, by starting with the linearity of the 
system of equations of motion [1.4], the particular solution 
for it is sought in the form of a sum of an arbitrary number of 
terms in the form [1.5], i.e., in the form 


n 
n) 


0) 
i=1 


m(é, t) = 
= 
1p,(é, ») 


1B(E, n) 


certain constants, satisfying the inequali- 

2 
i, 0;, Pi, = 4n new unknown functions id f 


ties a; > = 


Turning to the boundary conditions of the system [1.4], we 
find that if they are to be satisfied with the aid of the solution 
[1.14], the equation of the profile of the body must be repre- 
sentable in the form 


y= tanw-r+ >> [1.15] 


i=1 


The equation of the line of strong discontinuity must be 
representable in the form 


aft 


The equation of the line of stationary discontinuity must be 
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by 
UoVo — VW? — a)? [2.3] 
Us? — ae? 
Use — Veda — = 
Po 
= (Qa + Ri + Sp + [2.4] 
For the third family = »3(£) we have 
ns’ = (Vo/Uo) 
d 
+ Vodd + = (Q34 + Ro + S,a)dé [2.6] 
10 
dp — = (Qa + Rai +S+ [2.7] 


representable in the form 


= + + x,(0 
i=] 


{1.17] 


where c; and a; are constants determined on the basis of the 
form of the profile, and the sums 


tig,(é) 
i=1 


i=l 
and their first derivatives are small quantities, the squares of 
which can be neglected over the entire range of variation of 
the independent variables. 

The problem of the unsteady plane flow about profiles of 
the type [1.15] with discontinuity lines of the type [1.16 and 
1.17] is reduced in this case to solving n similar problems, each 
of which is analogous to the problem of flow about the profile 
[1.7]. 

Without raising any principal difficulties, this refinement 
merely increases the volume of representative computational 
work. 

We shall therefore deal from now on only with the solution 
of the problem as formulated for profiles of the type [1.7]. 


t7ix,(€) + x,(t) 


2 Type of the System of Equations [1.6] and 
Methods of Solving the Problem 


The characteristics of the system [1.6] in the (&, 7) plane 
can be readily determined by the usual methods (8). 

-The characteristics of the first family 7 = m(€) are given by 
the equations 


te 
op 


(Qua + Ro + Sip + Tip )dt 


are given 


(2.2 


The characteristics of the second family, 


We use the following notation: Wo? = U;? + Vo?, and Qi, Ri, 
S;:, T; (@ = 1, 2, 3, 4) are functions of ~, known from the 
corresponding characteristics, namely 
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The slopes of the characteristics, and consequently the 
boundary that separates the elliptic and hyperbolic regions of 
tlie system [1.6] 


(uo — + — n)? = ao? [2.9] 


coincide completely with the corresponding expressions for 
the basic self-similar flow (4). 

Fora real flow, Equation [2.9] gives a certain closed curve 
in the (£, 7) plane. The system [1.6], like the system of equa- 
tions of motion of the fundamental flow near the wedge, will 
be completely hyperbolic outside this curve when Up? + Vo? 
— a? > 0, and can be solved here by the method of charac- 
teristics. 

The linearity of the system [1.6], which expresses itself in 
the fact that the slope of the characteristics and the coefficients 
of the equations on these characteristics are determined only 
by elements of the fundamental flow, i.e., are certainly known 
at each point of the field, simplifies considerably the applica- 
tion of the method of characteristics, reduces the volume of 
the computational work and reduces the error of the method. 
In all other respects the calculation by the method of charac- 
teristics in the (£, ») plane is quite analogous to the corre- 
sponding calculation for steady-state flow in the (2, y) plane. 
In the calculations it is convenient here to start out with the 
scheme proposed by Vallander (8) for the method of charac- 
teristics. This scheme makes use of all three available families 
of characteristics and leads to a construction of a uniform grid 
of characteristics in which the length of each cell is approxi- 
mately equal to a preselected value. In our case, both the 

boundary of the hyperbolic region and the entire grid of 
characteristics can be plotted beforehand, and the density of 
the grid can be made arbitrary depending on the necessary 
accuracy in the computation. 

Inside the line [2.9], the system [1.6] becomes elliptic. On 
those portions of the boundary line which separate the regions 
of real and imaginary characteristics, all the unknowns can 
be determined by the method of characteristics. The other 
parts of the boundary consist, in the general case, of solid 
walls and lines, which separate the perturbed region of the 

flow from the unperturbed one. The flow parameters on these 
sections of the boundary line are determined from various 
physical considerations, depending on the specific conditions 
of the problem. Then the problem of determining the flow 
inside the indicated boundary, within its elliptic region, re- 
duces to solving a definite boundary value problem for a sys- 
tem of linear elliptic equations. This problem can be solved 
approximately, for example by the method of nets. 
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3 Axially Symmetric Unsteady Flow Aveund a 
Nearly Conical Body 


In analogy with the definition given in the plane case, the 
surface of an axially symmetric body is considered to be close 
to that of a certain cone if: 

1 The symmetry axes of the two bodies are the same. 

2 The generatrix of the cone coincides with the tangent to 
the generatrix of our body at the nose. 

3 The angle between the generatrix of the cone and the 
tangents to the generatrix of our axially symmetric body are 
assumed to be everywhere small. 

We introduce a cylindrical system of coordinates (r, z, 3) 
with origin located at the nose of the body. The z axis is 
directed along the symmetry axis of the body. Since the prob- 
lem has an axial symmetry, we shall confine ourselves hence- 
forth to an examination of the flow in a meridional plane, i.e., 
where it intersects the (r, z) plane (Fig. 2). 

Almost all the conclusions and deductions of this section 
are derived analogously to the corresponding conclusions of 
the plane case. This analogy will be emphasized by intro- 
ducing a similar notation, but it must be constantly kept in 
mind that the same symbols have different meanings in the 
plane and axially symmetric cases. 

To keep repetition to a minimum, we shall omit details in 
the arguments where they are obvious from the preceding 
sections. 


Let 

u = projection of steam velocity on z axis 

v = projection of stream velocity on r axis 
= pressure 

= density 

k = ratio of specific heat 

Uo, Yo, Po and p) = corresponding hydrodynamic elements 


of flow about a cone that is nearly 
equivalent to the given axially svm- 
metric body 


In the equations for the axially symmetric unsteady motion, 
we change to new independent variables & = 2/t, 7 = r/tand t. 
We seek a particular solution, analogous to the plane case, in 
the form 


u(é, n, t) = + 0) 
= 9) + 2) 
p(é, n, t) = polé, n) + t*—'p(é, 

p(é, n, t) = pol&, + 


where a is a certain constant, satisfying the inequality a > 1, 
and #, 3, p and 4 are new independent functions. 

The second terms of the right halves and their derivatives 
are small functions, so that their squares can be neglected. 
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To determine the four new unknown functions, we obtain a 
system of four linear equations with variable coefficients in the 
plane of the two independent variables (é, 7) ais 


where 
Uo(é, 1) = wolE, n) — 
VolE, ») = w(E, 7) — 


Satisfying with the aid of the solution [3.1] the possible 
boundary conditions of the initial system, we obtain, exactly 
as in a plane case, the corresponding boundary conditions with 
a system [3.2] in the (é, 7) plane. 

Now the equation of the profile of the meridional section 
through the body can be represented in the form 


[3.3] 


where w is the angle between the generatrix and the symmetry 
axis of the fundamental cone, and a and c; are constants (a > 
1), chosen in accordance with the shape of the profile, but 
under the condition that c,z* is a small quantity, together with 

its first derivatives, for all values of z under consideration. 
The equation of the surface of strong discontinuity should 

now be represented in the form 

[3.4] 


+ 
a 


where 


r = tanw:z + (2% 


n = f(€) = equation of surface of strong discontinuity in 
flow around a cone 
i*g(~) = small function together with its first derivative 
The equation of the surface of the stationary discontinuity 
should be represented, with the required degree of accuracy, 
in the form 


r = tF(&) + + x0(0) [3.5] 


where 7 = F(€) is the equation of the corresponding surface 
of the stationary discontinuity of the basic self-similar flow. 
The expression t*x(€) + xo(t), like its first derivative, is a 
small quantity, the square of which can be neglected. 

We obtain now the conditions of the system [3.2] in the 
form [1.8, 1.10 and 1.13], in which the symbols now cor- 
respond to those introduced for the axially symmetric flow. 

We can now formulate the problem of unsteady flow around 
an axially symmetric body, the equation for the profile of the 
meridional section of which can be written with sufficient ac- 
curacy in the form [3.3], and whose flow discontinuity lines 
can be written in the form [3.4 and 3.5]. The problem con- 
sists of solving the system [3.2], of four first-order linear equa- 
tions for the four unknown functions of two independent 
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variables, subject to boundary conditions which are a com- 
bination of the conditions [1.8, 1.0 and 1.13]. 

As in the plane case, this formulation of the problem can be 
refined to any desired degree of accuracy, by expressing the 
small additions to the particular solution of the system of 
equations in the form of a sum of an arbitrary number (n) of 
small additions to Equation [3.1]. 

For an axially symmetric nearly conical body, the problem 
reduces here to a solution of n identical problems, each of 
which is quite analogous to the problem of flow about « 
body with a profile of type [3.3]. 

The equations that determine the slopes of the characteris- 
tics of the system [3.2] in the (é, 7) plane will have formall, 
the same appearance as in the planar case, namely [2.1, 2.8 
and 2.5], where the symbols introduced at the beginning oi 
this section are to be used for the axially symmetric case. 

The relations on the characteristics differ from the cor- 
responding relations of the planar case only in the coefficients 
of dé and are the same as Equations [2.2, 2.4, 2.6 and 2.7] 
where Q;, R;, S; and 7; are known functions of &, also of th: 
same form as the corresponding expression [2.8] of the pre- 


ceding section, with the exception of the 
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As in the planar case, the boundary line of the system [3.2], 
separating the hyperbolic region of the system from the 
elliptic one, is given by the equation 


(uo — §)? + (% — n)? — = 0 [3.7 | 


In the entire (é, 7) plane outside this curve (which is closed 
for a real flow) our system [3.2] will be completely hyperbolic 
and can be solved, up to a limit close to the line [3.7], by the 
method of characteristics, following a procedure which is 
formally analogous to the corresponding scheme used in the 
planar case. The same analogy with the planar case is ob- 
served also in the elliptic region inside the curve [8.7]. 

The axially symmetric problem can also be solved approxi- 
mately, for example by the method of nets. 

One specific problem which can be solved advantageously 
by the method described in this paper is that of Mach reflec- 
tion of a plane shock wave by a body whose shape is nearly 
that of a wedge or a cone. 

In conclusion, I take this opportunity to express my great 
gratitude to lecturer A. A. Grib for guiding this work and to 


Professor 8. V. Vallander for valuable advice. _ 
rs 
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Reviewer’s Comment 


Unsteady nearly self-similar motion is analyzed by per- 
turbing basic self-similar flow and linearizing the resulting 
equations. A transformation is used to make the new flow 
se!{-similar by reducing the number of independent variables. 
The technique is discussed for nearly wedge-shaped and 
nearly conical bodies. 

[t should be noted that the conditions of self-similar motion 
include a restriction on the equation of state of the fluid. 
Fur the motion of an ideal compressible gas to be self-similar 
it is in general necessary that the equation of state be of the 
form po/T = F(S), with constant specific heats when F(S) 
is constant (1). Also, when shock waves are present in the 
flow, it is necessary that F(S) be constant. Fulfillment of 


= 


this condition is implied by the form of the energy equation 
in Equation [1.1] which is valid only for a perfect gas with 
constant specific heats. 

Two of Koldobskaya’s references have recently appeared in 
English translation (2,3) and contain much basic material on 
self-similar motions. 

—Myron S. WEcKER 
Gas Dynamics Laboratory 
Princeton University 


1 Wecker, M. S. and Hayes, W. D., ‘‘Self-Similar Fluids,” Princeton 
University, Department of Aeronautical Engineering Rep. 518 (to be 
published). 

2 Sedov, L. I., “Similarity and Dimensional Methods in Mechanics,” 
English translation (M. Holt, Ed.), Academic Press, New York, 1959. 

3 Stanyukovich, K. P., ‘“‘Unsteady Motion of Continuous Media,” 
English translation (M. Holt, Ed.), Pergamon Press, New York, 1960. 


exact time values. 


HE USE of the Gauss classical method for determining 
the orbits of an artificial Earth satellite from three ob- 
servations requires that the observations give the exact co- 
ordinates of the moving body on the celestial sphere, and also 
Translated from Byulleten’ Instituta Teoreticheskoi Astronomii 


(Bull. Institute of Theoretical Astronomy), vol. 7, no. 7 (90), 
1960, pp. 570-580. Translated by J. George Adashko. 
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Determination of the Preliminary 
‘Orbits of Artificial Satellites From 
Observations With Time 
Approximately Known 


The problem of determining the preliminary unperturbed orbit of a close Earth satellite is con- 
sidered for the case when the instants of certain observations are known with rough approximation. 
The usual assumption, that the observations lie on one loop and cover not too large a section of the 
orbit, is made. It is shown that the problem can be solved only if there are more than three observa- 
tions. Equations are obtained for topocentric distances and for the quantities nj’ which are used to 
determine the time intervals between observations. 

= A numerical example is given wherein the orbit is calculated from four observations with only two 
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that the instants of observation be accurately fixed. Before 
there were artificial satellites, all these requirements could be 
satisfied, as a rule without great difficulty, since the observed 
objects (small planets or comets) had a slow apparent motion 
over the celestial sphere, and the error in the fixation of the 
instant observation, though sometimes amounting to several 
minutes, could not play any role whatever. The situation 
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changed radically with the first Earth satellites. The motion 
of the satellites over the celestial sphere is so rapid that 
within 1 sec the satellite can describe an apparent arc of 
approximately 1 deg. It is therefore clear that the accuracy 
of time determination should be very high. For example, if 
it is desirable to obtain the position of the satellite accurate to 
1 or 2 sec of arc the accuracy of time reading should be on the 
order of 0.001 sec. 

An exact determination of the time of observation is 
possible only at well-equipped observatories which have 
special apparatus for maintaining and measuring time. At 
most observing sites, the time is bound to be determined with 
errors greater than those corresponding to the possible ac- 
curacy of satellite coordinates, as measured on photographic 
plates. 

On the other hand, since the number of first-class observa- 
tories is much smaller than the total number of observing sites, 
the normal situation is that many fewer observations are ob- 
tained at exactly fixed instants of time than at approximate 
times. Observations with the time considerably in error are 
also possible, even though the satellite position on the celestial 
sphere may be measured with sufficient accuracy. This 
raises the question of utilizing such observations to deter- 
mine the orbit. 

In this article we consider the problem of determining the 
initial unperturbed orbit from observations with approximate 
times. Also considered is the number of observations neces- 
sary to determine the preliminary orbit in the case when cer- 
tain observations are given with approximate values of the 
time, and in the more general case, when the observation 
yields instead of a pair of coordinates a and 6 only one co- 
ordinate, either a or 6. 


1 Derivation of Equations for Topocentric 
Distances 


The problem of determining the preliminary orbit can be 
divided in a natural manner into two stages: The calculation 
of the topocentric distances and the calculation of the orbital 
elements. If the calculations pertaining to the first stage are 
completed and sufficiently accurate values of the topocentric 
distances are obtained, then the second stage presents no 
difficulty, since the procedure of determining the orbital ele- 
ments from two geocentric positions has been sufficiently de- 
veloped and is taught in almost all courses of theoretical 
astronomy. A successful overcoming of the difficulties of the 
first stage is therefore essential to the solution of the entire 
problem. 

We shall consider the case when n satellite positions on the 
orbit are separated by instants of time which are small com- 
pared with the period of revolution. We introduce the follow- 
ing notation: 


r; = geocentric radius vector of the satellite 

R; = geocentric radius vector of the point of observation 

0; = topocentric radius vector of the satellite at the in- 
stant t; (¢ = 0,1,...,n — 1) 


We can then write the vector equation 


r=o0+R (¢=0,1,....n—1) 


obtain 


r= F + = 1) [2] 


where the scalar coefficients /; and G; are determined from the 
equations 


1 1 1 


1 1 
Go =n wore uo’ + 120 (uo? — +... 


In addition, expanding r; in a Taylor series about t = tf we _ mam ve = sin dy 


Here f is the gravitational constant and m is Earth’s mass. © 


We can eliminate f from Equations [2]. For this purpose 
we express fo in terms of rp and r; and substitute in the remain- 
ing n — 2 equations of [2], obtaining 


+ = 0 (= 2,3,...2—1) [4] 


where we denote for simplicity 


[5] 
de FG, — FG, — FiG; 


The coefficients [5] can be represented by series in powers 
of the time, using expansions [3]. We have 


where we put 
Int roducing the notation 


Il 


1 + — +... 


& 
ll 


we obtain shorter and more convenient final formulas 


ni = nik; =(1—- [9] 


We now substitute r; from [1] in [4], and obtain - 
— Oo + = —(NiRi — Ro + n,’Ri) 


@= 2,3,....2— 1) 


which is of fundamental significance for the determination of 
the topocentric distances. 

The vector equations [10] are equivalent to the following 
scalar equations . 


— Aopo + Ni’Aipi = — Xo + 
— Mopo + = —(MiY1 — Yo + 
Nivip: — + Ni'vipi = —(nZ, —-Zt+ n:'Z;) 
— 1) 


where Ax, ws, ve and = 0, 1,..., — 1) are the direction 
cosines and magnitudes of the vectors @,, and X;, Y, and Z; 
are the projections of the vector Rx on the coordinate axes. 
The direction cosines are connected with the spherical co- 
ordinates « and 6 by the well-known formulas oe. 


= COS ax COS 


toy = sin ax COs 


(k =0,1,...,n — 1) 


Equations [10] relate the topocentric distances p;. These 
equations are rather complicated in structure, since the un- 
knowns px enter into n; and n;’. Fortunately, in the case 
considered, when all the 7; are small, the factors «x; and «,’ in 
terms of which the p, are expressed by n; and n,’, depend 
little on r, and are almost equal to unity (see Eqs. [8]). 
Therefore Equations [11] are best reduced to a different form, 
by solving [11] with respect to those p, which enter [11] 
linearly. 
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Taking Equation [9] into account and introducing 


Il 


cnt A; = |MiMoMi 
Ei’ Nodi ree 
ai = |nimoui| ay’ = 
| 
b; = = mini’ 
Ci = ci’ = 
i’ 


we obtain, after solving the system [11] with respect to the 
quantities po, p; and p;, which enter it linearly, the following 
final system of equations 


pi = (ain® — = 
(cin,* — — A; 


= — 1) 
[13] 


The system [13], which consists of 3n — 6 equations, can be 
considered as the analog of the Lagrange-Gauss equations used 
in the usual method of determining the orbit from three ob- 
servations. In the case when exact instants of time are given 
for all three observations, and consequently the n;° are known, 
the use of Equations [13] for the determination of the topo- 
centric distances may be just as convenient as the use of the 
Lagrange-Gauss equations. We note that in the case of three 
observations with exact instants of time the topocentric dis- 
tances are obtained from [13] unambiguously. 

The denominators of the right-hand sides of Equations 
{13] contain the determinants A;, which may vanish at 
certain combinations of observations. In particular, the A; 
vanish when all points of observation are in the plane of the 
orbit at the instant of observation. In this particular case, 
Equations [13] cannot be used, and the initial system [11] 
must be employed. In this case the equations ; 


— vopo + ni vipi —(niZ, —m + ni'Z;) 
(= 2,3,...2— 1) 


can be considered as consequences of the remaining equations 
of [11], and the system [11] will contain only 2n — 4 linearly 
independent equations. 


2 Number of Observations Required to ips 7 
Determine the Orbit = 


In the ideal case each observation should yield two exact 
satellite coordinates (a, 6) on the celestial sphere and the 
exact instant of observation. However, as already noted, 
these requirements cannot always be satisfied, particularly in 
regard to the exact instant of observation. Theoretically, one 
can also have the case when the observations yield not the two 
satellite coordinates that fix its position on the celestial sphere, 
but only one of these, a or 6, together with the instant of ob- 
servation.! 

Let us consider the number of observations needed to de- 


1 An analogous case occurs when the observation is carried out 
with the aid of a radio interferometer. In this case the observa- 
tions yield directly only the values of the azimuth of the satellite 
at different instants of time (Burt, 1958). 
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termine the unperturbed orbit in cases of this kind. The par- 
ticular cases when Equations [13] are not suitable for the 
determination of p; will not be considered at present. 
Equations [13] relate the unknown p;(s = 0, 1,...,n — 1) 
with the observed as, 6; and ts. Assume that this set of data 
includes k unknown values of as, m unknown values of 6s, and 
1 unknown values of ts. Then Equations [13] will contain in 
general n + k + m-+Jlunknowns. All these unknowns, gen- 
erally speaking, can be determined if the number of equations 
is equal to the number of unknowns. From this we obtain the 
following condition for the number of observations n 


(k+m4t)/24+3 [14] 
The minimum number of observations n = 3 occurs when 
k = m =1 = O, that is, when all the a, 6 and ¢ are known. 
This is the well-known case of three observations, considered 
by Gauss. In all the remaining cases, the number of observa- 
tions must be greater than three. We note that the total 
number of additional unknowns must be even. 

In practice, apparently, only the following cases can occur: 

a All the 6 and ¢are known (m = 1 = 0). Then condition 
[14] yields the following possible combinations ; 


i} k= 
2)k=2 n=4 
3)k=4 n=5 


A further increase in k is of no use, since it yields combina- 
tions that reduce to the foregoing ones. Thus, in this case 
the maximum number of observations must be six. If there 
are six observations, then all the a can be unknown, and the 
orbit can be determined from 6 and ¢ alone. 

b_ All the a and ¢t are known (k = 1 = 0). This case is 
analogous to the preceding one. The maximum number of 
observations is six. The orbit can be determined from a@ and 
t alone from six observations. 

c All the 6 and ¢ are known (k = n = 0). 
combinations are possible 


The following 


1) i=0 n=3 
= 21=2 n=4 
ee n=5 
me 4 1=6 n=6 


A further increase in l yields combinations that reduce to 
the foregoing ones. 

Consequently, in this case, it is possible to determine the 
orbit from four, five or six observations, depending on the 
number of instants of time which are known accurately. In 
the most unfavorable case, when all the times are known ap- 
proximately, it is necessary to have six satellite positions ‘on 
the celestial sphere to determine its orbit. 


3 Solution of the Equations for Topocentric 
Distances in the Case of Four Observations With 
Two Unknown Instants of Time 


Let us consider the problem of determining the topocentric 
distances by means of four observations, two of which con- 
tain values of time known to be in error, and the remaining 
two are determined without error. We denote the known in- 
stants by t; and &. The quantity 7 = +/fm (4, — to) is con- 
sequently known. The quantities 7. and 73 are unknown and 
must be determined along with the topocentric distances. 
However, calculating 72 and 73 is equivalent to calculating n° 
and n3°, since we have from [7 and 8] 


= —[n°/( — n®) [15] 


Thus, we can select as the unknowns in this problem the 
following quantities: po, pi, p; and n,° (i = 2,3). Eliminating 
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from the left-hand sides of [13] the quantities 9 and p; and 


defining 


we obtain the following equations for the determination of 


ne 
A: As’ = As As B3n3° B;’ B,’ [17] 
nz° 


We note that the coefficients A;, A;’, B; and B;’ depend on 
n;® not only through x; and x;’, but also through the rectangu- 
lar coordinates of the observation sites with indexes i = 2, 3. 
In fact we have following relations 


X; = cos po(t; — — Yi sin po(t; — t) 
= cos po(t; = to) + sin po(t; to) 


= coordinates of the corresponding points of ob- 
servations at the instant t; = to 


w = angular velocity of the rotation of Earth about 
its axis 
m = converts the mean time into sidereal time 


The differences t; — t) are expressed in terms of 7; by means of 
[3] and in terms n,° by means of [15]. The coefficients of 
Equations [17] depend also on p; through x; and x,’. 

The final system of equations for the determination of all 
the unknowns of the problem consists of [13 and 17]. In this 
case two equations in [13] are redundant and can serve as a 
check on the calculations. 

Equations [13 and 17] are best solved by the method of 
successive approximations. The calculations can be per- 
formed in the following eo 


First Approximation 


1 In the first we can 71 = 0K = 
x;’ = 1 (¢ = 2, 3). These values of 7, « and x’ are used to 
calculate the constants in [12 and 16]. 

2 The system [17] is solved, and this yields, as a rule, two 
solutions for nz° and n;°, and consequently also for 72 and 73. 
Which of the solutions is correct can sometimes be ascertained 
by calculating p. from [13], for the resultant values of px 
should be positive and have reasonable values. If the in- 
stants of observations are known approximately, the necessary 
solution can be selected by calculating 7; and comparing it 
with the observed values. 

3 Equations [15] are used to calculate 7; and Equations 
[13] are used to calculate px. 

r 


Second Approximation 


1 The coordinates are calculated of those points of ob 
servation for which instants of observations are not given, 
using [18] and the values of 7; obtained from the first ap- 
proximation. 

2 The values of x; and x,’ are calculated from the ap- 
proximate formulas 


f 
repeated, except that x; and x;’ 
= formulas. 


or from the exact formulas = fae 


_ 
10; 


Mo 


Ki 


and ri. 
lation of uw or nx: are taken from the first approximation. 
The values of nx: are conveniently calculated by the formu! 
due to Purtskhavanidze, indicated on p. 120 of the text b: 
Subbotin (1941). 


written 
12 
se mu = 1+ Bu (1 + = an 10 au) 
where 
(re + ri) ] 

Ye? = + xetit + 2421) 


Vfmiti — t) 


= t+ + 2? 

Ye = t+ Yu 
Zk = + Zi Min 


and where Anz: is a small correction, which can be obtained 


be calculated from the formula 


= B(3.9448a? + 5.5203 +...) — 
B?(5.2286a + 14.730? +...) + 
63(2.3714 + 16.87a + 69a? ++...) 4+... 


3 The constants [12 and 16] are calculated. . 
4 The system [17] is solved. 
5 +7; and p, are calculated. 


from the table given on p. 121 of the cited book, or which can 


Third and Higher Approximations 


The sequence of calculations of the second approximation is 
must be calculated by the 


The convergence of the process of successive approxima- 
tions is insured by the fact that the intervals between observa- 
tions are considered small compared with the period of rota- 
tion of the satellite around Earth. 

We note that the solution of Equations [13 and 17] can be 
obtained much faster if approximate values of the instants of 
observations are known. Then the process of successive ap- 
proximation can be started not with 7; = 0, but with the in- 
dicated approximate values of 7;. 

Once sufficiently accurate values of the topocentric dis- 
tances p; and of the time intervals between observation 7; are 
found, the orbit elements can be determined in accordance 
with the well-known rules (Subbotin, 1941). 


4 Case of Five Observations and One Known 
Value of Time 


In this case, the unknowns are po, pi, pi, ni® (t = 2, 3, 4) 
and some value of 7, for example 7. Eliminating pp and pi 
from the left-hand sides of [13] we obtain equations analogous 
to [17] 


Uo = 


po? + 2(AoXo + + Zo) + Ro? 


: ; yhich can be used in principle to determine n,° (t = 2, 3, 4) 
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where 7: is the ratio of the areas of the elliptical sector ani! 
the triangle, included between the geocentric radii vectors r, 
The topocentric distances p; necessary for the calcu- 


In our notation, this formula can be re- 


3 
= 
Ane 
‘ 
> 
where 
0 0 
4 
4 
i 
- 
: 
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Table 1 


X. Yi, @ = 1, 2, 3, 4), which undergo changes of the order 
of 71;A71, when 7; is varied an amount by A7;. Consequently, 
7, can be expected beforehand to be determined very poorly, 
and the calculations will lose much in accuracy. Therefore 
the case of five observations with one known time can hardly 
be of practical interest. An exception can be made only for 
remote satellites, whose period of rotation is of the same 
order of magnitude as the period of rotation of Earth about 
its own axis. In this case one can hope to obtain a sufficiently 
accurate value of 7;, owing to the rapid change in the coordi- 
nates of the points of observation. 


5 Example of Calculation of the Orbit From 
Four Observations With Two Unknown Values of 
the Time 


To verify the procedure developed here, we calculated the 
orbit from four observations with two unknown instants of 
time. The computation is given to illustrate the procedure, 
and also to give a certain idea of the speed of convergence of 
the successive approximations. 

The following fictitious system of elements of a typical 
satellite orbit is used, referred to the equatorial system of co- 
ordinates: 


Number of the observation 
0 2 
t 17558"30:700 | | 1802"23:500 | 
a 297°20'21°8 ! 256°32'59'8 337°09'20°7 277°23'2471 
—8°41'40'6 14°15'27:7 25°32 37°39'16"1 
¢ 28°30'08:0 32°10'56.0 39°30'02"0 43°11'36'0 
hwy 2448137133 2197057600 | 2"24™"29:000 1546™42:733 
0.453861 —0.225433 | 0.832665 | 0.101831 
—0.877852 —0.942615 | —0.350777 —0.785126 
—0.152925 0.216283 0.428514 0.610908 
ani 7. However, 7, enters into [20] only through x;, «;’ and My = 7°32'28.0" 


to 


1957 Nov. 20, 17 hr, 58 min, 30.700 sec., universal 
time 


where Q is measured from the equinox of 1957.0. For the 


constant fm we assumed the value _ 


fm = 1,688370-10'*km$ deg? hr~? 


which gives the value n = 203.78068 for the average motion 
of the satellite per hour. 

Using elements [21] we calculated four apparent positions 
of the satellite for selected points on Earth’s surface at certain 
nearly equal instants of time. It was assumed here that 
Earth is an exact sphere of radius R = 6378.39 km. The cal- 
culated positions of the satellite, together with the chosen 
coordinates of the observation points and with the chosen 
instant of time, are listed Table 1. The same table gives 
the value of the direction cosines and the topocentric dis- 
tances of the satellite at these instants of time, to the assumed 
order of accuracy. The differences t; — t are also given. 

We shall assume that the four pairs of values of a and 6 
listed in Table 1, along with two values of t and h, are all 
the data yielded by the observations. The instants f. and fs 
of the last two observations will be considered erroneous. 

Table 2 lists certain intermediate and the final results of 
the four successive approximations, carried out in solving 
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a = 7408.22 km Equations [13 and 17]. The calculations are to six significant 
e = 0.0838781 figures. The following notation is used 
i = 63°26'06.0’ 
Table 2 
| “irst approximation Second anprox. Third approx. Fourth approxe 
ne 0 | 2 | 3 2 3 > 4 3 2 | 3 
= = = = = 
| 
17"58"30°700 | 18"00™047000) 1800042000 | 18"00'04000 | 18"'02"09:069 
1642.61 2256.81 1951.77 2519.46 1992.89 2573.84 1997.08 2579.57 1997.47 2580.18 
—5359.24 | —4904.03 | —4518.14 —3908.48 —4500.15 | —3872.88 | —4498.29 | —3869.07 | —4498.13 | —3868.66 
3043.72 3397.22 4057.20 4365.77 +-4057.20 4365.77 4057.20 4365.77 4057.20 | 4365.77 
1 1 1.006761 1.009383 1.007227 1.010149 1.007334 | 1.010266 
1 1 1.008224 1.015297 1.009411 1.017860 1.009564 | 1.018120 
_ — —1905.83 —730.462 —1895.81 — 681.659 | —1896.28 — 675.267 | —1896.37 — 674.517 
_ ~ 1448.02 909.994 1447.17 842.144 1448.32 834.183 1448.49 | 833.218 
res! _ _ 325.093 3777.43 — 291.513 3969.25 | — 290.862 3996.24 | — 290.907 3999.31 
710.213 —2016.66 711.104 —2218.86 713.010 | —2244.60 713.403 | —2247.75 
| _ _ 1498.12 3504.08 1533.66 3600.30 1539.33 3616.50 1539.92 3618.54 
615.210 —2170.64 — 683.766 | —2340.67 — 692.332 | —2364.36 — 693.308 | —2367.47 
0.572741 0.672596 0.596331 0.694372 0.598841 0.696515 0.599151 0.696834 
622.40 524.01 568.33 551.10 571.77 521.15 572.05 509.37 572.10 508.14 
| —1825.58 | —5155.54 | —1549.92 2775.80 
‘| _ 1253069 191:669 1373830 2112973 139:276 2143128 1392456 2142452 
| 
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Table 3 


It was assumed in the first-approximation calculations that 
the second and third observations, the times of which are 
known, were made simultaneously with the zero-order ob- 
servations. In each successive approximation the unknown 
instants of time were assigned the values obtained from the 
preceding approximation. 

Equations [17] yield in the first approximation two systems 
of values of n;°, designated by the indexes (1) and (2) over the 
corresponding letters in Table 2. The calculation of »; for 
the two systems of n;° shows that the second system of solu- 
tions should be discarded, since it yields negative topocentric 
distances. Therefore, in the subsequent approximations we 
retain only the values corresponding to the system of solutions 
np, 

We note that in calculating nj from [17] it is necessary to 
subtract nearly equal numbers which leads to the loss of ac- 
curacy. This can be offset by using a few additional sig- 
nificant figures in the later approximations. 

From the rate of convergence of the successive approxima- 
tions one can conclude that the fifth approximation changes 
the values of the time by several hundredths of a second and 
the values of the topocentric distances by several hundredths 
of a kilometer. Since such an accuracy can be considered ex- 
cessive in the calculation of the initial orbit, the fourth ap- 
proximation can be considered as final. 

The values of p; and po in the fourth approximation, not 
listed in Table 2, are 


Since the topocentric distances and the unknown instants of 
observations have already been determined, further calcula- 
tions reduce to a determination of the orbital element from 
two geocentric positions. 
To determine the elements we use the first and third ob- 
servations, since they are separated by a time interval greater 
than the remaining intervals, and one can hope to determine 


= 521.20 km = 539.11 km 


Number of the observation 
1 | 0 | 2 | 3 
4e(O—C).... —0'1 | —1'19°3 | +2'58:7 | —0:6 
+0.1 | — 476 — | 0.0 


more accurately the eccentricity and the longitude of the 
perigee. 
Calculations yield the following system of elements 


a = 7412.80 km "fe 
e = 0.0844343 2. 

i = 63°26'25.2” 

Q = 273°52'32.5” 

w = 20°12'04.3" 

My = 7°34'15.2” 


to = 1957 Nov. 20, 17 hr, 58 min, 30.700 sec, universal 
time 


The differences between the observed positions of the satel- 
lite and those calculated on the basis of this system of ele- 
ments are given in Table 3. 

Considerable discrepancies between the observed and caleu- 
lated positions for the two middle instants of time which 
reach 2 min of arc are explained by the fact that in the caleu- 
lation of the geocentric distances we confined ourselves only 
to the fourth approximation. With this, the instants of ob- 
servation were determined to the accuracy of 0.05 sec, which is 
equivalent to an error of about 2 or 3 min of are in the apparent 
position of the satellite. A more accurate calculation of the 
unknown instants will reduce these discrepancies considerably. 
However, even such a representation of observations can be 
considered satisfactory for an initial orbit. 

The author considers it his duty to express his gratitude to 
E. N. Lemekhova, staff member of the Institute of Theoretical 
Astronomy of the USSR Academy of Science, for help with the 
calculations of the example. 
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T IS well known that the task of improving an orbit con- 

sists of determining a system of elements that best fits 
all the available observations. The criterion of optimum 
representation of a set of observations employed here is that 
the sum of the squares of the deviations of calculated positions 
of the celestial body from its observed positions is a minimum, 
that is 


D(a — ac)? cos? 6 + (6 — 6,)2]: = min 
i 


where @ and 6 are the observed equatorial coordinates of the 
body at the instant t; ae and 6, are the calculated equatorial 
coordinates of the body at the instant of observation. 

This problem is solved by setting up equations of condition 
that relate (a — a,) cos 6 and (6 — 6,) with the corrections for 
the orbit elements. These equations are then solved by the 
least-squares method. 

There are many methods for improving orbit elements, 
depending on the choice of the unknowns and of the coordi- 
nate systems. It is not our task to review methods of orbit 
correction. These are described in sufficient detail in well- 
known texts on theoretical astronomy (Dubyago, 1949; Sub- 
botin, 1941; Bauschinger, 1906; Oppolzer, 1880; etc.). 
Mention should also be made of the work by Professor N. S. 
Samoilova-Yakhontova (1949), which contains a classifica- 
tion and systematization of the principal methods of correct- 
ing elliptic orbits. 

All the classical methods of orbit correction, developed for 
the study of the motion of natural bodies in the solar system, 
can be applied in their entirety to artificial satellites. It 
becomes necessary, however, to take into account the pe- 
culiarities of the motion of the satellite. Accordingly, certain 
modifications must be introduced in the classical methods of 
orbit improvement. 

lirst, additional unknowns must be introduced into the 
equations of condition. It is known, for example, that at- 
mospheric drag causes considerable secular perturbations in 
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A method is developed for improving the elements of orbits of artificial satellites in the case when | 
the observation times are only approximately known. Corresponding equations of condition are 
set up, one of which is independent of the time error. It is shown that certain orbit elements can 
be determined from equations that are independent of the time errors. An analysis of the optimum 
conditions for the determination of these elements is made. Equations of condition are also ob- 
tained for the corrections to the absolute coordinates of the observation stations, and an analysis 
: is made of these equations. The procedure developed to improve the orbit elements of artificial 
satellites is illustrated with an example. 


the mean daily motion, the coefficients of which cannot as 
yet be determined theoretically. Therefore in the expres- 
sion for the mean anomaly 


the coefficients n’, n”, ..., which take into account the in- 
fluence of the atmosphere on the motion of the satellite, 
should be determined from observations. 

Another peculiarity of the motion of an artificial Earth 
satellite is that, owing to the small distance between the satel- 
lite and the Earth’s surface, the angular displacement of the 
satellite relative to the observer is quite large and may reach 
2.5° per sec of time, amounting to 10” in 0.001 sec. 

Under these conditions, the errors that enter the deter- 
mination of the instants of time assume great significance. 

We note that in the development of classical methods of 
correction of the orbits of planets and comets, this fact has no 
particular significance, since then the angular displacement 
does not exceed 0.1” per sec of time and consequently the 
error in time is practically zero. 

At the present time the influence of errors in the fixation of 
time on the determination of the orbit elements of artificial 
satellites is reduced by increasing the number of observations. 
It is known, however, that this method can reduce the errors 
only to a definite limit. Obviously, the direct way of solving 
this problem is to increase the accuracy of fixation of the in- 
stants of observation of artificial satellites. Much has already 
been done in this direction, and there is no doubt that the 
technique of observations will be further improved in the 
future. 

However, apart from this, the influence of these errors on 
the determination of certain unknowns can be substantially 
reduced by using a suitable method of data reduction. We 
now proceed to an examination of this problem. 


1 Derivation of the Equations of Condition 


We use a stationary equatorial system of coordinates xyz, 
with the z axis directed toward the north pole of the Equator, 
the x axis toward the vernal equinox, and the y axis chosen to 
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make the system a right-handed one. 
Let 


I(x, y, 2) = radius vector of the satellite relative to 
Earth’s center of inertia 
, X) = radius vector of the observer relative to the 
same origin 
radius vector of the satellite relative to the 
observer 


R(X, Y. 


o(€, n, £) 


We can then write 


We note that the radius vector r is a —_ of i ele- 
ments of the satellite orbit (7, 2, w, Mo, n, e) and the time 
t, whereas the radius vector R depends on the spherical coor- 
dinates of the observer, (R, ¢, \) and the time. 

The effect of the errors in the coordinates of the observer's 
position, and in the time on 9 is obtained by varying Equation 
[1]. We have 

Ao = Ar + rAt — AR — RAt = 


where 


ar — AR + pdt [2] 


= > (er OEF;) the error in r due to inaccuracy in 
the elements £; 

4 AR = error in the position of the observer relative to 
Earth’s center of inertia 

At = error in the fixation of time 

AR is small quantity, and will be neglected for the sake of 
simplicity. We shall thus deal henceforth with the equation 


4 
| 


Ao = Ar + pdt [3] 


We introduce an auxiliary system of coordinates, having its 
origin at the instantaneous position of the satellite. The co- 
ordinate axes are directed along the vector @, along the tangent 
to the diurnal parallel and along the tangent to the declination 
circle. Denoting the unit vectors by jp, ja and js, respectively 
(Fig. 1), we can write 


js=—[joxje] 


(5... 


where jr is a unit vector directed along the ¢ axis. 
Using the components of Ao along jo, ja and js, Equation [3] 
becomes 


joAp + jap cos + = Ar + [5] 


Fig. 1 
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The quantities Aa and Aé are determined by comparing the 
observed positions of the satellite with its calculated positions. 
The quantity Ap is unknown. 

In classical methods of improving orbits, the unknown Ap 
is eliminated by taking scalar products of Equation [5] with j. 
and with js. This yields two equations of condition, one for 
the right ascension and one for the declination; in addition it 
is assumed that At = 0. 

In our case it is necessary to eliminate the time error At 
along with Ap in at least one of the two equations. 

For this purpose we take a scalar product of Equation [5] 
with a certain unit vector j, and stipulate that 


(jo jo) = = 0 [6] 
We then have the following equation of condition 
(jo° ja)p cos 6Aa + js)pAd5 = (j,° Ar) [7] 


It follows from relations [6] that the unit vector j, will be 
perpendicular to @ and @. The plane of the vectors @ and 0 
will henceforth be called the plane of the appare nt orbit. 


Thus, the unit vector j, can be defined as a 


jo = lo x @]/pv | 


where v is the component of the velocity 6 along a perpendicular 
to the vector p, that is 


-We now choose a second unit vector jg such that 
jc = [j. x jo] [10] 
It then follows from the vector Equation [5] that 
(je-ja)p cos bAa + (je-js)pAd = (je-Ar) + (je-@)At [11] 
Taking Equations [4 and 8] into account, we can rewrite 


Equation [10] as 


te 
Je 
and consequently 
(jc 0) = 


Setting 
(jo-ja) = cos ¥ (ja-js) 
we reduce the equations of condition [7 and 11] to the form 


pdg = (j,-Ar) = (jg-Ar) + vdt [14] 


Ag = cos — sin 4 coséAa 


AG = sin + cos cos 


where 


sin = [16] 
v VE + 


well-known Eckert-Brouwer equations (1937; see also 
Samoilova-Yakhontova, 1941; Kulikov, 1950) 
. AM. 
= [Ai xr] + [AQ xr] + [Ao xr] + 


(i 21) + (m+ 17] 
3 n n}] e 
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= 
| v 
(12) 
v 
= 
vi 
ier 
é 
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where 


H = (r + p — 2a)/ 
a’n 


Ai, AQ and Aw are elementary rotations of the orbit about 
the line of nodes, the normal to the plane of the Equator and 
the normal to the plane of the orbit, respectively. 

Thus, Equations [14], together with Equations [8, 12, 15, 
16 and 17], yield an equation of condition in g and G, the 
former being independent of the time error At. 

The geometrical meaning of the auxiliary quantities Ag 
and AG, defined by Equation [15], is seen in Fig. 2. In this 
diigram C is the observed position of the satellite; O is the 
calculated position of the satellites; ja, js and j,, jg are unit 
vectors along the axes of the auxiliary coordinate systems 
discussed earlier. 

Since, according to Equation [12], the axis jg coincides with 
the apparent calculated orbit, the first equation of [14] is 
based on the deviation perpendicular to the apparent orbit 
and the second equation is based on deviation along the ap- 
parent orbit. 


2 Summary of Working Formulas _ 

We now give a complete summary of working formulas for — 
the compilation of the equations of condition [14]. 

The rectangular geocentric equatorial coordinates and the 
velocity components of the satellites are calculated from the 
well-known formulas 

z= A, (cos E —e) + B,sinE 
x = (an/r)(—A, sin E + B, cos 
y = A,(cos E — e) + B,sin E 
= (an/r)(—A,sinE + B,cosE) 
z = A,(cos EF — e) + B, sin 
3 = (an/r) (—A, sin EF + B, cos E) 
E-—esin = My + n(t — to) 
r= a(l — ecos E) n = fm/a’’? 
[19] 
A, = aP, = eVi 
A,=aP, B, =avV1—eQ, 
The direction cosines of the orbital axes P,, P,, P., Q., Q, 
and Q, are found from the relations 
P, = cos 2 cos w — sin Q sin w cos 7 
Q, = —cos Q sin w — sin 2 cos w cos t 
: P, = sin 2 cos w + cos Q sin w cos i 
6 Q, = — sin Qsin w + cos Q cos w cos t 
P, = sinw sint Q. = cos w sin 7 

Here i, Q, w, Mo, a and e are the equatorial elements of the 
satellite orbit. 

The rectangular geocentric equatorial coordinates and the 
velocity components of the observer are determined from the 
relations 

= Reos ¢’ coss X = 
= Reos eg’ sins Y=2r(1+yu)X 
=Rain o’ = 0 


where s is the local sidereal time. 
The factor 1 + « = 1.00273791 is the duration of the mean 
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Fig. 2 


day expressed in sidereal days and is introduced to refer the 
velocities to the mean day as the time unit. 

The topocentric coordinates and velocity components of the 
satellite are readily found from the equation 


pcosécosa=E 
pceosédsina =n=y— } 
= 2 


The absolute terms of the equations of condition Ag and 
AG are calculated from the formulas 


Ag = cos — Scaic) — Sin COS 5(aobs — areale) 
AG = sir ¥(dobs — deat) + COS ¥ COS 6(aobs — Acale) 


— ud ps — Sp 
Ve sn y = V3 + 


Finally, the coefficients of the equations of condition are 
determined from Equations [14] with allowance for Equations 
[8, 12 and 17]. Projected along the coordinate axes, these 
relations assume the form 


Ag = = [(nf — sa) Ax + — + — n&) Az] 


x 


AG = 
pv 
— + (09 — na)dy + (of — Az] + : At 
[26] 
with 


Ax = zsin QAi — yAQ — (ycosi + zsinicos Q)Aw + 


n 3 n 


n 


Ay = —zcos QAi + xAQ + (x cos i — z sini sin Q)Aw + 
2 A Ae 
+ (se = (11 +K 2) = 
n 3 n nj} e 


Az = (y cos — x sin Q)Ai+ (x cos N+ y sin Q) sin (Aw + 


= + 32) + (ue 
n 3 n n/ e 


le 
Je 
it 
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3. Translations: ¢ Equator; ° orbit 


= (r+ 2a)/p 
= (r+ + yy + zé)/pna® 


| 


3 Analysis of the Equations of Condition 


Let us consider the question of how to distribute the obser- 
vations and how to use the equations of condition in g and G 
for the optimum determination of the unknowns, recalling 
that the first equation of [26] is independent of the errors in 
time. 

It is well known that one of the most important conditions 
for the best determination of corrections to the orbit element 
is to insure that the observations cover a considerable portion 
of the orbit. 

As applied to satellite, this requirement can be satisfied in 
the best manner if the observation stations are located in the 
latitude belt from +7 to —1. 

On the other hand, the reliable determination of the fore- 
going unknowns is significantly affected by the distribution of 
observations of satellites on the apparent celestial sphere. 

The general analytical solution of this problem is quite 
complicated. We shall therefore confine ourselves to an in- 
vestigation of the equations of condition for certain particular 
cases, using for this purpose geometrical methods. 

In these investigations we shall neglect in the coefficients 
of the equations of condition the eccentricity of the satellite 
orbit and the speed of rotation of Earth, since such assump- 
tions do not change the qualitative picture of the cases in- 
vestigated. 

We first write out the vector Ar, which enters the equations 
of condition [14] and which is determined by Equation [17] 
in the following form 


= [Aixr] + [AQ, xr] + [Ao, xr] + 


2_\ An Ae 
AM, + (i 3 r) (ux +K [28] 
Ai, AQ, and Aw, are elementary rotations of the orbit about 
the line of nodes, a line located in the plane of the orbit per- 
pendicular to the line of nodes, and the normal to the plane of 
the orbit, respectively (Fig. 3). 

The magnitudes of the vectors AQ; and Aw, are determined 
by the relations 


AQ, = AQ sini Aw, = Aw + AQ cost [29] 


Ai AQ 


(n, Ar) rsinu rsini 0 0 0 0 

cos | 

(s, Ar) 0 0 0 0 -tr 
Ar) 0 0 r r |rlt 


Let us project the vector Ar on three mutually perpendicu 


Jar directions: The normal to the plane of the orbit, the radiu: 
_ vector, and a perpendicular to the radius vector in the plan: 
_ of the orbit. Denoting the unit vectors along these directions 


n, s and t we obtain a table for the projec- 


pAG = (je: Ar) + vat [30 


as to certain particular cases. 


a The plane of the orbit passes through the zenith of th: 
observer (zenith passages). In this case the plane of the ap- 


parent orbit coincides with the plane of the actual orbit. 


Let us turn to Fig. 4, in which O is the center of the Earth, 
M the location of the observer on the Earth’s surface and C the 
position of the satellite in the orbit at the instant of observa- 


tion. 


It follows directly from Fig. 4 that 
jo=Dn cosy=(R/r)sinz je = tsiny+S8cos [31] 


where y is the angle between the velocity vector and the 
direction to the observer, as measured at the satellite. 

It is thus seen from Equations [31 and 32] and Table 1 that 
the equation in g will contain two unknowns: Ai and AQ, 
whereas the equation in G will contain four unknowns: 
Aw;, AMo, An and Ae. 

Since in practice only passages close to, but not exactly 
through, the zenith can occur both equations will contain all 
six unknowns. In this case, however, the coefficients of the 
missing unknowns will be small, and the unknowns can be de- 
termined from the equations in g and G separately, using the 
method of successive approximations. The solution procedure 
reduces to the following. We first determine the unknowns 
Ai and AQ from Ag by setting all the other unknowns equal to 
zero. We then substitute the resultant values of Ai and AQ 
in the equations in G, from which we then determine the un- 
knowns Aa, AM», An and Ae. These values are then sub- 
stituted in the equations in g, and the values of At and AQ 
again determined. We proceed in this manner until the de- 
sired accuracy of solution is obtained. 

Thus, passages near the zenith are quite suitable for the de- 
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from equations that are free of time errors. We note that the 
error resulting from the effect of the atmosphere on the mo- 
tion of the satellite does not influence the determination of 
these elements, since this effect, as can be seen from the ex- 
pression for the mean anomaly (see introductory paragraphs), 
is equivalent to a time error. 

As is well known, the elements Q and 7 are of prime sig- 
nificance in the determination of the oblateness of Earth from 
observations of artificial satellites. 

b The plane of the satellite orbit does not pass through 
the zenith of the observer (inclined passages). We first con- 
sider the case when the observations are taken at the highest 
point above the horizon. Fig. 5 shows a section through the 
center of the Earth O, the point of observation ./, and the 
satellite position C. Since the point C is the highest one, the 
unit vector jc and * will be directed along the line of intersec- 
tion of the plane of the apparent orbit with the plane of the 
actual orbit of the satellite. In Fig. 5 the line of intersection 
of these planes is perpendicular to the plane of the drawing. 

Let 29 be the zenith distance of the highest point. Then, we 
cai write on the basis of Fig. 5 


jo =Neosy+Ssin 
jc=t sin =(R/r) sin 20 


where ¥ is the angle between the plane of the apparent orbit 
and the plane of the actual orbit. 

Relations [32 and 30] and Table 1 show that the equation 
in g will contain the unknowns Ai, AQ, An and Ae, whereas the 
equation in G will contain the unknowns Aw;, AJ/o, An and 
Ae. 

We now consider the case when the observations are taken 
at points other than the highest one. 

In Fig. 6, the plane passing through r and ¢ is the plane of 
the actual orbit, and the plane passing through o and ¢ is 
the plane of the apparent orbit. Denoting, as earlier, the 
angle between these planes by y¥, we can write 


jo =Ncecosy+ssiny 


jc = tsin y + S cos y cos ¥Y — N cos y sin ¥ 


where y is the angle between the velocity vector and the 
direction to the observer, measured at the satellite (for the 
highest point, y = 90 deg). 

Equations [32 and 30] and Table 1 show that the equation 
in g will, as before, contain the four unknowns Ai, AQ, An 
and Ae, whereas the equation in G@ will contain all six un- 
knowns. 

Thus, the observations obtained in the case of inclined 
passages, both near the highest point and away from it, allow 
us to determine Ai, AQ, An and Ae from equations that are 
free of time errors and also free of errors resulting from the in- 
fluence of the atmosphere on the motion of the satellite. 

The unknowns should be determined separately with respect 
to Ag and AG, by successive approximations, similar to the 
procedure previously indicated for the case of zenith pas- 
sages. 

Other variants are also possible, but they can be formulated 
more specifically only after sufficient experience has been ac- 
quired in the application of this procedure and the reduction 
of the observational data. For the purpose of illustration, in 
Section 5 we give an example of improving the orbit elements 


by the method just developed. 


4 Use of Artificial Satellites for Geodetic 


Purposes 


Artificial Earth satellites can be used, in principle, to solve 
certain geodetic problems. It is known, for example, that 
geodetic measurements on Earth’s surface are usually based 
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termination of the inclination and the longitude of the ascend- 


ing node of the orbit, since the latter are determined reliably — 


\ 
Fig. 6 
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on some reference ellipsoid which best fits a given section of 
the dry land. Individual reference ellipsoids are frequently 
not interrelated, particularly if they pertain to different con- 
tinents. Therefore the mutual positions of the continents are 
not known with sufficient accuracy from independent triangu- 
lation networks. Our knowledge of the positions of the cen- 
ters of the reference ellipsoids relative to the center of inertia 
of Earth is equally unreliable. The problem of interrelating 
individual reference ellipsoids and the determination of the 
position of the center of inertia of Earth are very important 
geodetic problems, and it is hoped that their solution will be 
substantially advanced through the use of artificial Earth 
satellites. 

Let us consider first the problem of determining absolute 
coordinates of a point on Earth’s surface, under the assump- 
tion that the origin is placed at the center of inertia of Earth 
and that the elements of the satellite orbit, referred to this 
system of coordinates, are known. Setting in Equation [2] 
Ar = 0, we obtain "we 

where At is the error in the determination of the instant of ob- 
servation. 

We now resolve the resultant equation along the directions 
j,and jc. Taking relations [8 and 12] into account, we obtain 
pag = —(j,-AR) = —(1/pv)[(nf — oa) AX + 

oAG — vAt = — (jo- AR) = —(1/pv)[(pé — AX + 
— np)AY + (of — AZ] 


Ao = —AR + Agi [33] 


n 
M 
= 
Fig. 5 
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where AX, AY and AZ are the corrections to the coordinates 
of the point on Earth’s surface in the inertial system of co- 
ordinates. Owing to Earth’s rotation, these corrections de- 
pend on time. It is therefore advantageous to use, instead of 
the coordinates X, Y and Z, which are stationary in space, a 
rotating system of coordinates X’, Y’ and Z’, in which the X’ 
axis is constantly directed to the point of intersection of the 
Greenwich meridian with the Equator, the Z’ axis passes 
through the North Pole of Earth, and the Y’ axis is perpendicu- 
lar to the other two and completes the right-handed system. 
The center of the new system of coordinates again coincides 
with Earth’s center of inertia. The connection between the 
old and the new system of coordinates is given by the formulas 
X = X'cos 8 — sin 8 

= X" gin + Y’ cos 


4 


where 8» is the sidereal time at Greenwich. 
Denoting the corrections of the new coordinates by AX’, 
AY’ and AZ’, we can rewrite Equations [34] in the form 


To determine the correction AR it is best to have its co- 
efficient as large as possible; that is, the vector jr should 
deviate as much as possible from the plane of the vectors o 


and . It follows from this that to determine AR it is neces- 
sary to observe such passages of the satellites in which th« 
highest point is located far away from the zenith, and the 
most suitable observations are those made near this highest 
point. 

To determine the correction R cos ¢’Ad it is ncessary t 
have a maximum value for the coefficient of ([@ x 6]-jx); this 
is obtained by observations at the zenth. The most suitabl 
orbits are those passing through the poles or those with con 
siderable inclinations to the plane of the Equator. 

For the best determination of the correction RAg’ it is als 
convenient to make the observations in the zenith, and th: 
inclination of the orbit to the plane of the Equator should 
equal the latitude of the point of observation. 

Thus, the best conditions for the determination of all correc- 
tions are produced when there are two orbits, one passing 


Ag = —(1/p*v){ — cos + — EF) sin + [—(nf& — sin 80 + (¢& — EF) cos soJAY’ + — n€]AZ’} 
AG = —(1/p*v){ — E6) cos + (p97 — no) sin so]AX’ + [—(p— — Ep) sin 80 + (p97 — np) cos JAY’ + 


The system of Equations [35] makes it possible, generally 
speaking, to determine the corrections AX’, AY’ and AZ’ of the 
coordinates of a point on Earth’s surface separately, if there 
are not less than two observations and At = 0. To employ 
Equations [35], it is necessary to know precisely both the co- 
ordinates of the satellite and instants of observations. But 
it has already been noted in the foregoing that the instant of 
observation can be determined with only a limited accuracy. 
The error in time influences most strongly the quantity AG but 
hardly affects Ag. It is therefore more advantageous to de- 
termine the corrections AX’, AY’ and AZ’ not from the entire 
system [35], but only from the equations that contain Ag. 
This will exclude almost completely the influence of erroneous 
instants of observation on the corrections to the observer’s 
coordinates. The minimum number of observations neces- 
sary to determine the corrections AX’, AY’ and AZ’ is three. 

Let us perform a certain analysis of the conditions that favor 
the determination of particular corrections to the observer’s 
coordinates. For this purpose it is advantageous to change 
over from corrections to the coordinates X’, Y’ and Z’ to 
corrections in a different system of rectangular coordinates, 
namely, to a system where the axes are directed along the 
radius vector of the point of observation, along the tangent 
to the diurnal parallel, and along the perpendicular to the first 
two axes. The corrections to the coordinates in this system 
will be respectively AR, R cos g’A\ and RAg’, where R is the 
magnitude of the geocentric radius vector of the point of 
observation, ¢’ the geocentric latitude and the longitude, 
which is positive in the eastern direction. 

Then the first equation of [34], with allowance for relations 
[22], becomes 


pvdg = — — {m) cos s cos + 
— sin s cos g’ + (& — né) sin + 
[(nf — £4) sin s — — Ef) cos cos + 
[(nf — cos s sin g’ + (¢& — Ef) sins sin — 
(tm — cos ¢’JRAy’ [36] 


where s is the local sidereal time. 

Introducing the unit vectors jr, j, and jy, directed along the 
axes of the foregoing system of coordinates, we can rewrite 
Equation [36] in the following form 


p°vdg = —([ox 6]-AR) = — {([ox]-jx)4R + ([ex0]-jr)R 
cos + ([o x 6]-j,)RAg’} [37] 


cross products, and they reach a maximum when all three 
vectors are mutually perpendicular. 
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[of — + (v/p) dt 


through the poles of Earth, and the other with an inclination 
approximately equal to the latitude of the place of observa- 
tion. It is possible, however, to make use of only one orbit, if 
the passages are observed on the ascending and descending 
loops, both in the zenith and away from it in the vicinity of 
the highest point. A combination of such data makes it 
possible to determine simultaneously the unknown quantities. 
The orbit used here should be so inclined to the plane of the 
Equator that the parallel at the latitude of the point of ob- 
servation intersects the orbit at an angle close to 45 deg. 
This makes it possible to determine the corrections R cos 
¢’A\ and RAg’ with approximately the same accuracy. 

Formulas [34 and 35] have been derived under the assump- 
tion that the elements of the orbits are known accurately. 
In practice, apparently, one cannot make such an assumption. 
Therefore the inaccurate elements must be improved simul- 
taneously with the coordinates of the points of observation. 
The equations of condition are then written in the form of 
[14], to the right-hand sides of which are added the right-hand 
sides of Equations [36]. 

We now turn to the case when the coordinates of the points 
of observation relative to the center of the reference ellipsoid 
are known, and the position of the center of the reference 
ellipsoid relative to the center of inertia of Earth is unknown. 
For simplicity we assume that the coordinates of the satellite 
relative to Earth’s center of inertia are known. 

This case is analogous to the preceding one, with the only 
difference that now the corrections to the coordinates for all the 
observation stations will be the same. Equations of condition 
for the unknown corrections AX’, AY’ and AZ’, arising from 
the fact that the center of the reference ellipsoid does not 
coincide with Earth’s center of inertia, will have the form of 
[35]. As in the preceding case, it is advantageous to deter- 
mine these corrections from equations that are free of time 
errors. It is desirable here that the observation points be 
more or less uniformly distributed over Earth’s surface. As to 
the inclination of the orbit, its best value is close to the ex- 
treme values 0 and 90 deg. 

In real cases, the position of the satellite with respect to 
Earth’s center of inertia must be considered unknown, and 
therefore the corrections to the elements of its orbit must be 
obtained simultaneously with the corrections to the coordi- 
nates of the center of inertia. The equations of condition wii! 
have the form [14], to the right-hand side of which are adde«! 
the right-hand sides of [35]. 

We note that this procedure for determining the corrections 
to the coordinates of the point on Earth’s surface and of 
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Table 2 Epoch and equinox Nov. 20, 
1957, 17 hr, 58 min, 30.700 sec, 
universal time 


Cc O—C 

a 7564.4654 7569.5500 —5,0846 
e. 0.07967130 0.07937080 0.00030050 
i. 65°36233 65250000 —0°13767 
272°56135 272°46778 0°09357 
23°59441 23°83472 —0°24031 
My . 355°16533 354°82000 0°34533 
197°49991 197°30096 0°19895 

Note: All numbers given are expressed in km. 


Earth’s center of inertia makes it possible to exclude not only 
the influence of inaccuracies in the determination of the time, 
but also, to a certain extent, the irregular influences of the 
atmosphere, which cannot be taken into consideration 
theoretically or empirically. This leads to a possibility of 
using relatively low satellites for geodetic purposes, the motion 
of which is subject to the perturbing influence of atmosphreic 
drag. 

If it is assumed that along with the elements of the satel- 
lite’s orbit one also knows accurately the instants of observa- 
tion, that is, At = 0, then the corrections to the coordinates of 
the observation points can be determined from the equations of 
condition [35], which contain AG. An analysis of these equa- 
tions shows that the correction AR is determined from them in 
the best manner only when the observations are carried out at 
a sufficient distance from the highest point. In addition in 
this case the apparent orbit of the satellite should pass through 
the zenith. Todetermine the correction R cos ¢’ AX, the most 
suitable orbits are those with inclinations equal to the local 
latitude. The correction RAg’ is best determined with polar 
orbits. In the two last cases, the most accurate results are ob- 
tained from observations near the zenith. 


5 Example of Improving Elements by Using 
Equations of Condition Independent of Time 
Errors 

To verify the procedure developed here for improving the 
elements of satellite orbits, we have chosen a fictitious ex- 
ample which illustrates the procedure clearly and can be used 


= : 

to verify various other modifications of the method. It is 
therefore advisable to describe it in detail. 

The first step is to obtain fictitious observations of the 
satellite. For this purpose we took a system of elements of a 
certain fictitious orbit, close to the orbits of the first Soviet 
satellites. This system is listed in the second column of Table 
2 (the O system). Earth is assumed strictly spherical, and its 
radius is taken to be R = 6378.3880 km. 

The product of Earth’s mass and the gravitational constant 
is taken to be fm = 1.6883740- 10° km*/hr’. 

The mean motion of the satellite per hour, obtained with 
this value of fm, is given in the last line of Table 2. 

Using the elements listed in the second column of Table 2 
and formulas [18-21], we calculated 19 positions of the satel- 
lite in the orbit, so as to cover more or less uniformly one loop 
of the orbit. We then calculated the right ascensions and 
declinations of the subsatellite points. The number of obser- 
vation points was also taken to be 19, and the latitude and 
the local sidereal time at the instant of observation at each 
station were chosen arbitrarily, subject only to the condition 
that the deviations of the positions of the stations from the 
corresponding points under the satellite did not exceed ap- 
proximately 10 or 15 deg in either coordinate. Then Equa- 
tions [22] give the rectangular coordinates of the stations, and 
Equations [23] give the apparent positions of the satellite for 
each observation. 

Since it was desirable to verify the suitability of the proce- 
dure for observations containing time errors, five instants of 
the 19 were changed in magnitude by 5 to 23 sec, and these 
modified instants were used as observations. Thus, there were 
considerable time errors in five out of 19 instants. 

Table 3 lists the rectangular coordinates of the satellite, the 
rectangular coordinates of the observation stations and the 
apparent coordinates ao and 49 of the satellite calculated for 
the 19 instants ¢t; from elements (O). The last column of Table 
3 lists the corrections At; which must be added to the times ¢; 
in order to obtain the observed instant of time containing a 
time error. The coordinates ap and 6 as well as the instant ti, 
with the corrections At; added, comprise the satellite observa- 
tions which should be used to improve the initial system of 
preliminary elements. 

As the initial system of elements, subject to improvement, 
we chose the system listed in the third column of Table 2 
(system C). The differences between the elements of the 
systems that comprise the observations (O), and the prelimi- 
nary system that is subject to improvement (C), is listed in 
the last column of Table 2 

Using the (C) system for the instant t; + Ati, we calculated 
the coordinates a, and 6,, needed for the formation of the dif- 


‘Table 3 Observed values of coordinates and time for Nov. 20, 1957 7 7 


SupreMBER 1960 


No ti | a z | Y Wy | 
17558™30°700 4 1187.892 —6580.478 | + 1946.291 | + 528.094 —6004.050 | 2087.181 318°85814 — 9°13550 | 
2 18 02 23.500 + 1839.012 —5772,628 +3443.290 + 1046.160 —5700.414 +2663.579  354.79579 + 44.40291 + 5:000 
3 18 07 29.500 + 2513.018 —4168.139 + 5067.766 +1745.060 —3471.948 | +5058.081 317.80618 + 0.53533 | = 
4 18 13 44.100 +2972,242 —1623.626 + 6315.997 + 936.351 —1710.087 | +6073.112 2.43180 + 6.79725 = 
5 18 20 56.800 +-2952,328 + 1596.196 +6586.359 +2634.672 | +1841.417 +5509.222 | 322.33290 + 69.56669 | +17.000 
6 18 24 07.300 + 2766.807 + 2956.493 + 6314.803 +2945.662 +3117.536 +4721.004 | 222.00022 +81.41290 | oe 
7 18 29 49.400 + 2205.835 +5122.817 +5303.969 + 2033.733 + 3601.855 | +4855.348 83.54425 +16.33525 | -+ 9.000 
8 18 35 01.700 +1496.024 +6653.853 +3907.025 + 274.622 | +5595.419 | +3049.542 40.91132 +27.94840 = 
9 18 42 36.200 ' 268.678 | +7926.156 + 1357.567 + 220.993 | -+6020.867 + 2093.838 88.56632 —21.12226 —< 
10 18 46 00.900 | — 310.433 + 8097.377 + 112.819 — 777.369 | +6316.135 + 431.245 75.31096 — 9.81076 ~ 
11 18 52 22.300 | —1355.573 +7743.472 —2198.213 —1180.305 + 6244.798 — 541.487 96.67037 —47.67383 | —23.000 
12 18 59 43.700 | —2369.962 +6329.953 —4545.510 | —1602.120 | +4128.327 —4590.638  109.22676 + 1.10878 a 
13 19 02 13.800 —2646.509 | +5630.559 —5216 041 —2853.570 | +3954.719 —4111.105 82.95643 —33.19900 | = 
14 19 05 51.000 | —2967.245 | +4455.352 —6029.189 —1965.951 | -+2685.120 —5441.416 = 119.49375 —16.11948 | -+10.000 
15 19 12 01.400 | —3264.173 +2109.213 —6904.572 —2289.405 +1891.952 | —5S644.7230 167.43502 —51.59585 i 
16 19 15 32,500 | —3276.645 + 653.694 — 7073.566 —3160.366 + 1094.988 —5431.107 | 255.23835 —74.47200 - 
17 19 25 17,000 | —2680.703 —3325.811 —6163.236 —2136.904 —3134.031 —5127.896 | 199.42607 -—60.88465 | = 
18 19 30 07.600 | —2057.528 —4987.142 —4967.702 —2111.742 —5043.945 —3283.747 46.33594 —87.33013 | = 
19 19 37 11.600 | — 853.918 —6614.989 —2504.590 + 38.670 | —5991.017 —2188.618 | 214.95583 —16.17916 | — 
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ferences ao — a, and 59 — 6, which enter into the right-hand 
sides of the equations of condition. Tables 4 and 5 contain 
the rectangular coordinates and components of the satellite 
velocity necessary for the calculation of the coefficients of the 
equations of condition; these coefficients were calculated from 
the elements (C). They also contain the coordinates and the 
velocity components of the observation stations at the instant 
t; + At;, but the observer velocity along the Z axis is not 
given, since it is always equal to zero. The last two columns 
of Table 4 list also the coordinates a, and 6.. 

Tables 6 and 7 contain all the coefficients and the right-hand 
sides of the equations of condition both in terms of g and in 
terms of G. 

According to the conclusions derived in Section 3 in the 
analysis of the equations of condition, the equation of condi- 
tion free of time errors makes it possible to determine more or 
less reliably four corrections, namely Ai, AQ, An, Ae; the other 
two corrections, Aw and AM, will be determined much less 
accurately, since their coefficients in the equation of condi- 
tion are small. We therefore put Aw = 0 and AM> = 0 in the 


equations of condition for Ag. 


Table 4 Coordinates and components of satellite velocity for Nov. 20, 1957 

| | x y z | y z 
1 17558"30:700 + 1166.188 —6595.889 + 1933.404 +10725.512 | + 9278.281 + 24389.799 | 317915375 ~—10°02031 
2 18 02 28.500 +1828.434 —5772.376 | +34603.030 9215.284 | +15516.243 +21668.347 | 354.70244 +45.57543 
3 18 07 29.500 | +2490.103 —4196.335 | +5062.491 | + 6484.386 | +21827.962  +16277.829 315.80536 + 0.24316 
4 18 13 44.100 | +2953.902 —1657.466 | +6319.137 2354.250 | +26291.406 + 7645.194 _1.49403 + 6.95012 
> 18 21 13.800 + 2931.251 +1686.167 | +6585.390 — 2630.835 | +26312.483 — 3281.449 332.05897 +72.549)1 
18 24.07.300 +2762.579 +2923.769 | +6332.549 | 4340443 | +24931.073 | — 7159.82  226.62395 | +80.60721 
18 29 58.400 2192.683 +5146.948 | +5293.232 — 7200318  +20296.995 —13867.316 84.03453 +15.754 
8 18 35 01.700 + 1508.610 +6634.913 | +3934.149  — 8916.223 | +14852.176 —18143.473 40.11031 +28.734 12 
9 18 42 36.200 + 290.740 +7921.103 | +1385.776 | —10100.469 | + 5357588 —21636.715 87.89794 —20.42362 
10 18 46 00.900 — 285.159 +-8099.049 + 140.066 | —10102.608 | + 901.105 —22062.458 74.56674 — 8.94650 
11 18 52 01.300 —1266.934 +7802.429 —2040.271 - 9357.336 — 6752.192 —21151.720 93.57175 —43.87757 
12 18 59 43.700 —2340.494 +6357.777 | —4530.293 7139.147 | —15456.315 | —17111.243 + 147137 
13 19 02 13.800 —2617.982 +5662.526 —5204.307 - 6151.234 | —17850.770 . —15171.701 82.14575 —32.37912 
14 19 06 01.000 —2953.528 +4434.676 | —6055.923 | — 4442.051 | —20946.286 | —11717.190 — 119.37482 —17.00592 
15 19 12 01.400 —3244.767 + 2153.382 -6909.936  — 1300.967 | --24273.867 — 5145.491 | 164.69595 —51.94333 
16 19 15 32.500 —3262.571 + 700.026 -7086.282 + 708.193  —25152.023  - 823.848  255.49172 —16.15355 
17 19 25 17.000 —2685.837 —-3282.891 —6198.239 + 6335.694 —22624.279  +11751.953 195.17260 —62.01471 
19 30 07.600 2073.452 4952.487  - 5013.475 8760.341 | - 18413.281  +17465.277 67.28279 —86.71900 
9 19 37 11.600 884.331 ---6601.216 | -2562.390 +11149.184 — 9007.921 +23590.887 213.47003 —18.664°9 


‘he normal system for Ag 


then assumes the following form 


Ai 
202. 80956 


AQ 


—2.09144 
151 .83729 


An Ae Ag 
—4.55610 —37.36308 —31.11462 
12.51195 61.09388  18.76082 
4.27331 15. 16709 3.06410 
98 .82677 16. 08684 


Solving this normal system we obtain the following corrections 


At = 


—0°14500 
AQ = +0°09748 


An = +0°23662 
Ae = +0.0001986 


We now substitute [38] in the equations of condition for 
AG and obtain the corresponding normal system for the de- 


termination of the unknown Aw and AM». 


Aw 


415.6895 


We get 


urd 
AM, 
427.4171 ~1.762498 


w 


A 


Table 5 Coordinates and components of observer velocity 
for Nov. 20, 1957 
~ : Xx Z x Y 
| | 
1 17558'°30700 528.094 —6004.050 -+-2087.181 +-1576.160 +-138.633 
2 18 02 28.500 -+-1048.239 —5700.033 +-2663.579 +1496.351 +275.180 
-_ 3 18 07 29.500 +-1745.060 —3471.948 +-5058.081 + 911.442 +-458.106 
>. - 4 18 13 44.100 +- 936.351 —1710.087 +-6073.112 + 448.925 +245,807 
5 18 21 13.800 -+2632.386 -+-1844.682 -+-5509.222 — 484.259 -+-691.044 
24 07.300 | +-2945.662 | +3117.536 | +4721.004 | — 818.404 | +-773.284 
ual 4 7 18 29 58.400 -+-2031.368 +3603.189 +-4855.348 — 945.895 +-533.267 
fy see 8 18 35 01.700 -+- 274.622 +5595.419 +-3049.542 —1468.888 + 172.093 
= a 18 42 36.200 -+ 220.993 +-6020.867 -+2093.838 —1580.575 + 58.014 
7 ene 10 18 46 00.900 — 777.369 +6316.135 + 431.245 —1658.088 —204.072 
an 11 | 18 52 01.300 —1169.830 -+-6246.769 — 541.487 —1639.878 —307.099 
oP eo 12 18 59 43.700 —1602.120 + 4128.327 —4590.638 —1083.753 —420.582 
19 02 13.800 —2853.570 +3954.719 —4111.105 —1038.178 —749.108 
Wis . 19 06 01.000 | —1967.909 +-2683.684 —5441.416 — 704.511 —516.608 
19 12 01.400 | —2289.405 +1891.952 —5644.730 — 496.668 —601.006 
19 15 32500 | —3160366 | +1094.988 | —5431.107 | — 287.452 | 829.647 
a 19 25 17.000 —2136.904 —3134.031 —5127.896 +- 822.734 —560.972 _ 
19 30 07.600 | —2111.742 —5043.945 —3283.747 +-1324.117 —554.366 
Nie 19 37 11.600 | -+¢38670 | —5991.017 | —2188.618 | -+1572.739 | + 10.152 
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Table 6 


Tentative equations in g 


AQ 


An 


Ae | Ag 


+1°708171 


-+-3.570418 
-+-3.604797 
-+- 2.088047 
+-0.732151 
-+-0.077243 


—0.994756 
—2.031627 
—2.579133 
—3.022002 
—4.621400 


—4.282242 
—5.604808 
—2.618674 
—1.765340 


49949448 
—0.281976 


—4.126900 
—2.939709 
—0.485239 
+ 1.318126 


-+-1.437516 
+-2.913583 
+-2.905154 
+3.535726 
3.782594 


+3.259652 


4-1.279521 


-+-0.491922 


—2.455347 
—2,091268 


—3,922852 


—0°221485 


—0.310058 | 
—0.195230 | 


| +0.187858 | 
| +0.311858 | 


-+-0.161868 


-+-0,049479 


-+-0.191038 | 
0.197887 | 
| 


-+-0.218465 
+-0.121595 | 
+-0.188849 | 
+-0,050206 
+-0.025884 


-+-0.172843 | 
—0,207731 | 
-+-0.024343 


0.439576 | 


—0°311155 
—0,.284837 
—0.174736 
—0,016588 
+0.111772 


-+-0,116850 
-+Q.155134 
+ 0.171963 
-+-0.204881 


-+0.218055 | 


-+-0.197803 | 


-+ 0.121853 
-+-0.122569 
-+-0.089236 
-+ 0.083034 


-+-0,054904 | 


—0.178175 
—0.162370 


—0.237089 | 


—1°073770 
—0.663833 
—0.895557 
—0.591606 
+-0.246345 


+0,.531234 
+0.083238 
—0.274437 


—0.014341 | 
—0,111614 | 


—0.025456 
-+-0.313892 
—0.168542 
-+-0,322711 

-+-0,301579 | 


—0.237472 | 
—0.180067 | 
—0.713584 

+-0.411256 


—5°938921 
—3.663327 
—4.557890 
—2.298758 
+0.591446 


-+-0.711453 
-+-0,304901 
-+-1,103220 
-+-0.870378 
+1.405307 


-+-1,015647 
—0,939313 
+-1,212236 
—0,967635 
—0.679921 


-++-0.473083 
-+-0.425965 
—0.795598 
1-3,654954 


—1°064975 
—1.010572 
—1.073062 
—0.398281 
—0.917426 


—0.251158 
—0.192414 
—0,004071 
-+-0.267243 
-+-0,375010 


-+-0.459739 
+0.573181 
-+-0.573621 
-+-0,655776 
-+-0,856327 


+0.569517 
—0.572571 
—0.207939 

+-0.052670 


From this we obtain the following vi values of the missing cor- 
rections 
Aw = —0°09797 


AMo = +0°09116 [39 | 


Comparing the corrections [38 and 39] with the differences of 
the elements as given in the column (O—C) of Table 2, we see 
that [88] is quite close to the corresponding differences (O—C), 
whereas [39] differs much more from the corrections corre- 
sponding to (O—C). 

This situation is quite natural, since the time error does not 
influence the corrections in [38], whereas the corrections Aw 
and AMo, determined from the equations for AG, depend to a 


A 
considerable extent on the time errors contained in individual 
observations (Table 3). 

We note here that there is a possibility, at least in principle, 
of determining the corrections to the instants of observation 
simultaneously with determining the corrections to the 
elements. In this case the equations of condition for Ag can 
be used to determine the corrections to the elements, while 
the equations for AG can be used to determine the corrections 
for the instants of observation. This procedure is, however, 
hardly realistic, since the observed positions of the satellite 
and the coordinates of the observation stations must in this 
case be known with an accuracy that considerably exceeds the 


“a | 


Tentative ons in | 


AM, 


—0°105587 
-+- 1.425220 
—1.252964 

+-0.429623 
-+0.195167 


-+-0.759196 
—0,108328 
—0.358222 
-+-0.042617 
—0,002598 


—0,066507 
—0.248165 
-+- 0.425980 
—0.392867 
-+-0.120129 


—0.362971 
—0.296047 
+0.153681 


| —0. 748592 


3°556741 


—0.241181 


-+3.450780 


-+1,350275 
+2,582480 


| +1,999449 


+-1.606210 


| +- 1.188375 
| 1.661009 


+ 1.667782 


| -+-1,634087 


+1.523733 
+ 1.189735 
1.664883 
+-2,004387 


| +1,835872 


+2,303555 
+-2,286825 
+0.745793 


| -+-6,135230 


| +3.811974 | 


+7°852742 | 
+4,222212 | 
+6.196438 
+3.498146 | 


-+4,150727 
-+-4.079519 
+4.059046 
+ 3.519737 
-+ 4.321895 


~+-3.429548 
+ 2.968579 


+3.424353 | 
+ 4.912954 | 


+ 4.341164 | 


| +-5.856612 


+ 3.282067 
+5.623387 


+ 92222153 
+ 4.904265 
+7.249114 
+3.884549 


+6.579331 


+ 4.355913 
+3.742857 
+3.827744 
+3.027495 
+3.751188 


+-2.923408 | 


+2.521817 


+ 3.273110 | 


+ 2.940497 
+ 4.487114 


+ 4.138984 
+5.769858 
+3.301979 
+6. 


An 


128490 
+ 1.052943 
+ 0.657246 
+ 0.992583 
+2.042008 


+1.513179 
+2.442439 
+2.105018 

+ 2.575808 
+3,009293 


+2.909151 
+2.234451 
3.288107 : 
+2.985280 
+5.587337 


+ 5.596460 
+ 7.957620 
+4.616010 
+9, 944277 


— 25459677 
+ 5.449785 


4.061048 


+ 5.689652 
+11.709248 


8.300620 


7.038610 | 


7.324991 


2.504174 | 
3.361319 | 


0.521797 | 
0.204986 
1.792501 | 


2.174060 


7.599263 | 


'— 8.122773 | 
—11.832230 | 


— 7.057272 
— 9.561718 


+ 19574944 
—0.599110 
1.713716 
-+-0.855475 
—4.425251 


-+- 1.030864 
—0.722337 
-+1.057589 
+ 0.897437 
+ 1.069626 


+-4.307384 
+-0.785639 
-+-0.896015 
—0.605964 
+1.510948 


+- 1.583625 
-+-2.287462 
-+ 1.132059 


+ 2.865796 
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accuracy that is attainable at the present time. 
The authors consider it their duty to express deep gratitude 
to the staff members of the Institute of Theoretical Astronomy 
of the USSR Academy of Sciences, R. P. Ermenko and O. A. 
Sizova, for taking the trouble to calculate the examples given 
here. 
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Reviewer’s Comment = 


The problem treated in the two preceding articles is that of 
determining the preliminary and improved orbits of an artifi- 
cial Earth satellite from data taken at times which are imper- 
fectly known. 

The need for a data processing scheme which utilizes meas- 
urements of time which are in error is discussed very clearly 
by the authors in the introduction to each paper. Methods 
developed in these translations may be of considerable interest 
to those concerned with problems of orbital mechanics, since, 
to the best knowledge of this reviewer, no comparable treat- 
ment has appeared in the open literature of this country. 

It must be pointed out that the problem is formulated from 
the astronomical point of view. Thus the data consists only 
of the angular directions of the object as seen by the observer 
at different times. Techniques employed in obtaining a pre- 
liminary orbit from observational data of this kind are, as a 
rule, modifications of methods originally developed by Laplace 
and Gauss. Description of these techniques are scattered 
throughout the astronomical literature which is neither 
readily available nor too well-known to most people presently 
engaged in orbit computation. Basic principles as well as 
detailed treatment of certain fundamental methods can be 
found in (1-4). 

The exposition in the papers presented here follows closely 
methods of Laplace and Gauss. Perhaps the most significant 
difference between standard methods and that of Batrakov 
and Kulikov is the fact that instants of time which are known 
to be in error are treated as unknown quantities of the prob- 


lem. Unfortunately time enters the solution through some 


well-known series expansions (1 and 2). Difficulties an: 
limitations arising from this fact are considered by Batrakoy 
in the first paper. 

Improvement of the orbit proceeds according to principles 
well-known to most astronomers. For an excellent basic de- 
scription of these the reader is referred to (2). In the case of 
satellites, however, certain modifications must be introduced. 
These arise from the high angular rates of satellites with re- 
spect to the observing station as well as from the existence of 
certain perturbations which are not tractable theoretically at 
present. These modifications are discussed in the second 
paper. 

Finally it is worthwhile to call the readers’ attention to de- 
tailed numerical examples accompanying both papers. These 
are extremely helpful in mastering the techniques presented in 
these papers. The attractive feature of the presentation is 
that all working formulas as well as steps involved in actual 
computation are collected in one place. 


—Icor JUPKEVICH 


_ Space Sciences Laboratory 
General Electric Co. 


1 Moulton, F. R., ‘‘An Introduction to Celestial Mechanics,’’ Mac- 
millan Co., N. Y., 1914. 

2 Herget, P., ‘The Computation of Orbits,’’ published privately by the 
author, 1948. 

3 Crawford, R. C., ‘‘Determination of Orbits of Comets and Asteroids,” 
McGraw-Hill Book Co., Inc., N. Y., 1930. 

4 Williams, K. P., “The Calculation of the Orbits of Asteroids and 
Comets,”’ The Principia Press, Inc., Bloomington, Ind., 1934. 
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Dependence of the Internal Energy 
— of Air on the Pressure and 


| Densit at High Temperatures 
= 
HE CONNECTION between the internal energy of a The results of approximation of the de —e nce ¢ = e(p, p), 
medium, the pressure and the density is called the caloric based on the tables of (3) in the temperature interval from 
equation of state, « = ¢(p, p). In the case of an ideal gas, 12,000 to 20,000 K and pressures from 1 to 1000 atm are 
| the internal energy depends on one parameter z = p/p, and given in the present article. The figure shows the de- 
‘i the caloric equation has the form pendence e¢(z) for different pressures p (all the quantities are 
referred to values of the corresponding parameters at p = 1 
(1 atm, 7’ = 12,000 K). For comparison we give here the linear 
? ;= 4 Cx variation of e(z) for an ideal gas with y = 1.4 (dotted line) 
The curves obtained can be approximated by straight lines 
At high ‘dk P of different slopes with different intercept on the axis. The 
red ry deviations from the straight line at the ends of the segments 
greatly can be taken into account by additional terms in the form 
: this case me 8 energy is determined by two parameters, of exp az. The following general formula can be proposed 
pressure and density. 
t The thermodynamic functions of air at temperatures from cians 
1 6000 to 20,000 K and pressures from 0.001 to 9000 atm have € = Az + do + a3 exp ayz + a; eXp A462 
been calculated and tabulated (2:3). But to solve different (a: = + + an) 
- gasdynamic problems it is more convenient to use analytic — 
. relations than tabular data. Such relations can be obtained if p is in atmospheres, p in gm/cm*, € in cal/gm, then the 
by approximating the tables. values of a;.(/ = 1, 2.3) areas follows 
1<p<10 6.9938 <z- 2188 
ay, = 0.2182 - 10-8 — 0.5633 - 10-2 = 0.2152 
= 0.7602 - 10 = 0.2292 - 102 = — 0.2821 - 108 
= Agq = = = Age = = 
a5; => — 0.2269 a52 = 0.3364 - 10 as53 = — 0.1104 - 102 
7 = —0.7711- 10-7 agg = 0.2935 - 10-5 a3 = 0.2672 - 10-4 
10 < p< 60, 6.727 <z -10-4 < 19.14 
ay, = 0 a2. => — 0.6420 - 10-8 a\3 = 0.1884 
= 0 a22 = 0.3334 - 102 a23 = — 0.2551 - 
ag, = 0 a3n = 0.3927 a33 = +0.9912 - 108 


aq = 0 a42 0.3600 - 10-7 43 > — 0.1230 - 10-¢ 
a5, = 0 = 0.1272 40-2 a53 = —0.3816 10-1 
ag, = 0 = - 10-5 0.6408 - 10-5 
60 < p < 300, 6.253 < z -10-# < 15.67 
= 0.2643 - 10-6 = — 0.1712 - 10-3 #&«20.1735 
— 0.7191 - 10-2 0.6616 - 10 ao3 = —0.2069- 104 
= 0.1118 - 102 a32 0.2039 - 104 aa3 = — 0.5660 - 105 
0.6698 - 10-9 Qg2 = — 0.4546 - 10-6 a43 = — 0.4496 - 10-4 
= = 453 = = Ago = = O 
300 < p< 1000 5.637 < z -10-4 < 13.46 
ay, > 0 232 => 0.6464 - = 0.1249 
ax, = 0 = — 0.1380 - 10 = 0.1589 108 


= Age = ag = = = = = Age = = Ag) = Age = deg = 


I 


The possible relative error in using the data of the ap- 
qo proximate equations does not exceed 4 per cent. 


Translated from Jzvestiia Akademii Nauk SSSR, Otdelenie 


Tekhnicheskikh Nauk, Mekhanika i Mashinostroenie (Bull. USSR 

Acad. Sci., Div. Tech. Sci., Mechanics and Machine Building), References 

no. 1, 1960, pp. 178-179. Translated by J. George Adashko. 1 Stupochenko, E. V., Stakhanov, I. P., Samuilov, E. V., Pleshanov, 
1 Numbers in parentheses indicate References at end of paper. A. S. and Rozhdestvenskii, I. B., ‘Thermodynamic Properties of Air in the 
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Témperature Interval From 1000 to 12,000° K and in the Pressure Interval 
0.001 to 1000 Atm,” ‘‘Fizicheskaya Gazodinamika”’ (Physical Gasdy- 
namics), USSR Acad. Sci., 1959. Translation in ARS Journat, vol. 30, no. 
1, Jan. 1960, pp. 98-112. 

2 Predvoditelev, A. S., Stupochenko, E. V., Samuilov, E. V., Stakhanov. 
I. P., Pleshanov, A. 8S. and Rozhdestvenskii, 1. B., ‘Tables of Thermody- 
namic Functions ot Air for Temperatures from 6000 to 12,000°K and Pres- 


sures from 0.001 to 1000 Atm,” USSR Acad Sei. Press, 1957. 
3  Predvoditelev, A. S., et al., 


“Tables of Thermodynamic Functions of 


Air for Temperatures from 12,000 to 20,000°K and Pressures from 0.001 to 


1000 Atm,” USSR Acad. Sci. Press, 1959. 


—Original received October 16, 1959 


Reviewer’s Comment 


The empirical equations presented by this author are a 
compact representation of extensive Russian tables of the 
thermodynamic properties of air at high temperatures. The 
work will be of particular value in connection with computa- 
tions carried out on high speed computers since the coeffi- 
cients of the empirical equations can be more compactly stored 


Technical Comment 


2% eats than can the entries of the table from which they are derived, 


and since the evaluation of the empirical equations will r- 
table look-up 


quire no more programing effort than a 


operation. 
—Sruart R. BRINKLEY Ji. 
lea Combustion and Explosives Research, In. 
a 
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Comments on “‘Condensation Shocks in 
Supersonic Nozzles” 


R. M. HEAD 


U. S. Naval Postgraduate School, Monterey, California 


TEPCHKOV’S paper (1)! presents the results of some ap- 

parently quite carefully made experiments on condensa- 
tion of water vapor in supersonic nozzles, without, however, 
presenting anything that extends the state of the knowledge 
beyond that which existed ten years ago. His curves and 
discussion pertaining to droplet radii < 10~® cm are open to 
question since the equations he utilizes are not valid in that 
range. Except for the two examples presented in Fig. 2, there 
are insufficient data available to enable calculations of the 
temperature gradient along the various nozzles to be made. 
If the temperature gradients were utilized as an additional 
parameter in the presentation of the data of Figs. 4, 5 and 6, 


1 Numbers in parentheses indicate References at end of paper. 


the apparently large amount of scatter in the points would 
undoubtedly be reduced markedly, inasmuch as large tempera- 
ture gradients have a pronounced effect in delaying the onset 
of condensation. The theoretical discussion presented in the 
paper has been covered in considerably greater detail in a 
number of earlier papers, but ones of which the author was 
apparently unaware. [See, for example (2-4) ]. 

Please note that the ordinate of Fig. 10 should be labeled 


References 


1 Stepchkov, A. A., ‘‘Condensation Shocks in Supersonic Nozzles,’’ ARS 
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2 Wegener, P. P. and Mack, L. M., ‘‘Condensation in Supersonic and 
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4 Head, R. M., ‘ 
nomena,” 


‘Investigation of Spontaneous Condensation Phe 


Cal. Tech. thesis, 1949. 


m= 


on [ 
r 
= 
e 
1 
a 
I 
1 
\ 
| 
=> 
i 
Ao 


Digest of Translated Russian Literature 


The following abstracts have been selected by the Editor from translated Russian journals supplied by the 


— indicated societies and organizations, whose cooperation is gratefully acknowledged. Information con- 


Al TOMATION AND REMOTE CONTROL (Avto- 
matika i Telemekhanika). Published by Instru- 
ment Society of America, Pittsburzh, Pa. 7 


Th! 


A Precision Multiplier, by L. N. Fitsner, vol. 20, no. 1, Jan. 
1954, pp. 56-62. 

Abstract: A description is given of a multiplier with a static 
error not exceeding 0.01 to 0.02 per cent of the full scale of output 
voliage, and with the ordinary high speed of electronic compo- 
nents. The low value of error is made possible by constructing the 
multiplier of a “rough’’ and an “‘exact’’ part. 

Summary: The circuits we have been considering for multipliers 
with “rough’”’ and ‘“exact’’ portions have greater accuracy and 
specd of action than do existing circuits. They are simple to 
adjust, and the elements comprising them are simple. Experi- 
mental investigation of a number of circuits of multipliers 
constructed in accordance with the principles here considered 
were carried out as early as 1952, and gave good results. The 
static errors of such MU’s did not exceed 0.01 to 0.02 per cent of 
the output voltage scale. Subsequently these components 
were manufactured as parts of nonlinear electronic models. 


The Analysis and Synthesis of Certain Discrete Contactless 
Circuits, by B. I. Rameev and Yu. A. Shreider, vol. 20, no. 1, 
Jan. 1959, pp. 63-70. 

Abstract: The article treats of the code circuits, based on 
diodes, which are used in the Strela computer. Algebraic 
methods for analyzing and synthesizing such circuits are con- 
sidered. The possible ways of constructing these circuits 
economically are discussed. Use is made of a logical symbolism 
close to the ordinary Boolean algebra. 


Chain Matrixes and Substitution Circuits for Electromagnetic- 
Type Electromechanical Transformers, by A. Ya. Mel’nichuk, 
vol. 20, no. 1, Jan. 1959, pp. 71-76. 

Abstract: Different variations of four-terminal substitution 
circuits for electromagnetic-type electromechanical transformers 
are considered. The possible methods of estimating the influence 
of “negative rigidity’ on transformer operation are discussed. 


On the Possibility of Certain Types of nore ge in Sampled- 
Data Control Systems, by Shao Da-Chuan, vol. 20, no. 1, Jan. 
1959, pp. 77-82. 


Choice of an Optimum Amplification Factor for a Self-Aligning 
Control System, by I. I. Perel’man, vol. 20, no. 2, Feb. 1959, 
pp. 177-184. 

Abstract: A method is given for determining the optimum (from 
the point of view of reducing the mean-square control error) 
amplification factor in a control system with a self-aligning 
program, when a cyclic disturbance at its input is described 
statistically. 


The Optimal Parameters for Noise Stability in a Telemetry 
System, by V. A. Kashirin, vol. 20, no. 2, Feb. 1959, pp. 216-226. 

{bstract: The stability of telemetry signals against weak and 
fairly strong fluctuation noise is calculated for pulse-time (PT) 
and pulse-width (PW) systems. It is shown that there are 
optimal transmission parameters, which insure minimal referred 
root-mean-square error for a given noise level. The various 
types of modulation are compared from the point of view of 
noise stability. 


Noise Stability in Pulse-Width and Pulse-Time Telemetry 
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Subject to Strong Fluctuation Noise, by N. V. Pozin, vol. 20, 
no. 2, Feb. 1959, pp. 227-235. 

Abstract: Noise stability in pulse-width and pulse-time tele- 
metry subject to strong fluctuation noise is examined; the main 
methods of transmission are considered. The mean and mean- 
square errors are used as tests of the noise stability. Errors in 
the leading edges of pulses are neglected, but allowance is made 
for errors caused by fluctuation noise which splits up the pulses 
or the spaces between them. The signal is sampled for analysis. 
Formulas for evaluating the noise stability are deduced. The 
noise stabilities of certain specific telemetry systems are com- 
pared. 


Concerning the Realization of Optimum Weighting Functions of 
Pulse Servo Systems, by V. P. Perov, vol. 20, no. 3, March 1959, 
pp. 276-284. 

Abstract: Simple techniques for the approximate realization of 
optimum weighting functions of pulse servo systems are given 
for several particular cases. 


A Fast Transistorized Magnetic Push-Pull Amplifier for a 
Servo Drive, by V.S. Volodin, E. D. Larin, M. A. Rozenblat and 
G. V. Subbotina, vol. 20, no. 3, March 1959, pp. 307-313. 

Abstract: It is shown that a high speed amplifier for a servo 
drive can be made by combining magnetic and transistor am- 
plifiers. Test data are given for such an amplifier designed to 
control a two-phase asynchronous motor; the transient duration 
is 1-1.5 cycles at the supply frequency, and the power gain is 
1.5 X 10°. 


Choice of Characteristic for Nonlinear Rate Feedback in Position 
Servos, by B. N. Naumov, vol. 20, no. 3, March 1959, pp. 319 
329. 

Abstract: A method for choosing the characteristic for non- 
linear rate feedback in a position servo is given; this feedback is 
to provide a transient very similar to the desired one with a 
pre-set structure for the system. It is shown that the character- 
istic can be chosen from the experimental response curve for the 
initially unstabilized servo. 


Methods of Studying Stability in Automatic Control Systems 
With Distributed Parameters, by Ya. B. Kadymov, vol. 20, no. 3, 
March 1959, pp. 330-333. 


An Integral Estimate for Selecting the Optimum Parameters of 
an Automatic Control System With a Given Overshoot, by A. I. 
Tupitsyn, vol. 20, no. 4, April 1959, pp. 394-402. 

Abstract: A combined integral estimate is used to find the 
optimum parameters of an automatic control system with 
given overshoot. Formulas are given which define the response 
time approximately. Examples are given. 


Use of an Integral-Square Estimate to Determine the Optimal 
Parameters of an Autopilot With Rate Feedback, by V. D. Matyt- 
sin and V. A. Ryapolov, vol. 20, no. 4, April 1959, pp. 403-408. 

Abstract: The stabilization of an aircraft by an autopilot. 
with rate feedback is studied. Analytic formulas are deduced 
which define the optimum values of the transfer numbers for the 
autopilot in terms of the aircraft’s aerodynamic parameters and 
flight conditions. Lag in the controls is allowed for. The 
integral-square estimate is minimized to vield the optimum 
stabilization parameters. 


Compensation of a Continuous Automatic Control System by 
Means of a Delay Element Filter, by Wang Sin-Min, vol. 20, no. 
4, April 1959, pp. 421-430. 
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Abstract: Methods are considered for the design of a delay 
element filter for compensating a continuous automatic control 
system. The filter parameters are determined for a few simple 
cases. 


Investigation of the Characteristics of Pneumatic Jet Elements, 
by L. A. Zalmanzon and A. I. Semikova, vol. 20, no. 4, April 1959, 
pp. 431-448. 

Abstract: The article deals with an investigation of pneumatic 
jet elements, the operation of which is based on the utilization 
of the characteristics of pressure changes obtained when the 
impact tube is moved through different sections of the jet 
flowing from a nozzle. Examples are given of the possible 
applications of such elements in pneumatic devices. 


Machine Analysis of Switching Circuits, by P. P. Parkhomenko, 
vol. 20, no. 4, April 1959, pp. 465-475. 

Abstract: Algorithms for the mechanization of the structural 
analysis of switching circuits and for the sequential determination 
of the action of their elements are presented. The realization of 
the algorithms in a special logical machine is described. The 
machine performs a complete analysis of switching circuits of 
practically any complexity much better and more rapidly than 
man does. The results of the analysis are recorded manually or 
automatically. The machine may be used for the analysis of 
switching circuits with solid-state elements and for the solution 
of logical and other types of problems. The principles involved 
can be used for automatic quality control in the production of 
relay devices and other electrical apparatus. 


A Peak-Holding Regulator That Follows the Peak, by N. V. 
Grishko, vol. 20, no. 4, April 1959, pp. 497-499. 

Abstract: A peak-holding regulator that follows the peak is 
described. It consists of two main parts, one of which measures 
the distance from the peak, and the other of which is a sampled 
data followup device. Test results are given; these tests had as 
object to find parameters optimal in the sense that the root-mean- 
square followup error is minimal. 


Methods of Studying the Stability of Automatic Control Systems 

With Distributed Parameters, With Allowance for Losses, by 

Ya. B. Kadymov, vol. 20, no. 4, April 1959, pp. 500-503. 
Abstract: The stability criterion for systems with distributed 


parameters is extended to systems with losses. 


BULL, ACAD. SCI. USSR, PHYSICAL SERIES 
(Isvestiia Akademii Nauk SSSR, Seriia Fizi- 
cheskaya). Published by Columbia Technical 
Translations, White Plains, N. Y. 


Luminescence Mechanism in Plastic Scintillators, by I. M. 
Rozman, E. A. Andreeshchev and S. F. Kilin, vol. 23, no. 1, 
1959, pp. 99-103. 

Conclusions: The fact that the temperature quenching of 
fluorescence of polystyrene agrees with the temperature quench- 
ing of its scintillation indicates at any rate that the additional 
quenching in the process of scintillation has a very high rate 
(>10" sec!). On the other hand, the specific scintillation 
response is only about five times smaller than the value that 
might be expected in the case of complete absence of additional 
quenching. We see only two ways in which these facts can be 
reconciled: 1 We can assume the presence of “‘instantaneous”’ 
quenching for some fraction of the primary activations, for 
example, because of “inactive’’ absorption or owing to local 
temperature rises, or 2 we can assume the presence of bi- 
molecular quenching for some fraction of the primary activations, 
as we have done herein. The second assumption leads to 
differences between the decay laws for scintillation and fluores- 
cence. The experimental data now available are not in conflict 
with this conclusion, but, unfortunately, are not adequate to 
substantiate it unambiguously. 


Fluorescence Spectra of “Motorenes’’ (Engine Fuels), by C. 
Mihul, C. Ruscior, V. Pop, F. R. Shvartz and G. A. Redulescu, 
vol. 23, no. 1, 1959, pp. 117-120. 

Introduction: In the present report we give the results of our 
investigation of the fluorescence spectra of ‘‘motorenes’’ (engine 
fuels) obtained from Rumanian petroleum. The spectra were 
photographed on panchromatic films by means of an Hilger E-3 
spectrograph and scanned on a microphotometer of our own 
design. Except as noted, the fluorescence was excited by the 
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integral radiation of a mercury tube. We studied the spectra of 
a number of fuels of different origin. Here we shall describe the 
spectra of four samples we designated as Aispec (special), Aj, 


A; and C. 
Specific refrac- cosity boiling distilled 


gravity tion at50C, point, At At 


Sample at 20 C St °C 300° 


Aispee 0.902 1.5041 239 
Aj 0.897 1.4998 240 
As 0.876 1.4891 230 
C 0.859 1.4811 3. 240 


Characteristics of fuel samples 


Index of Vis- Initial Volume 


Luminescence Spectra of High Molecular Weight Petroleum 
Hydrocarbons, by Kh. I. Mamedov, vol. 23, no. 1, 1959, pp. 12!- 
124. 

Introduction: At the Fourth All-Union Conference on Luni- 
nescence we reported on the results of an investigation of the 
luminescence spectra of the kerosene fraction of petroleum. 
While there is little difficulty in investigating the low temper:- 
ture fractions of petroleum by conventional spectroscopic 
methods, when it comes to high molecular weight fractions 
ordinary analytic procedures become ineffective owing to the 
large number of complex molecular groupings; hence, develop- 
ment of new techniques is imperative. In the present work, for 
the purpose of determining the nature of the substances in an 
oil fraction of petroleum, we had recourse to combined invest ga- 
tion of the luminescence and absorption spectra. 


Properties of the investigated crystalline substances 
separated from petroleum 


Melting Molecu- 
Sample point, lar 
no. Appearance deg C weight 
1 White crystal- 
line substance 235 299 
2 White crystal- 
line substance 
Pale yellow 
crystalline 
substance 260 
Yellow crystal- 
line substance 


199 316 


High Frequency Ferromagnets, by L. I. Rabkin, vol. 23, no. 3, 
1959, pp. 309-313. 

Introduction: The growing need for magnetic materials 
suitable for use in radio-frequency circuits led to the discovery 
and development of three classes of high frequency ferromagnets, 
which differ as regards structure, properties and fabrication pro- 
cedure. The first class comprises metallic ferromagnets which 
are prepared by the usual procedures of metallurgy. The second 
class includes ferrites—nonmetallic ferromagnets, which are pre- 
pared primarily by ceramic techniques. These materials are 
frequently called magnetic or ferrous ceramics. The third class 
of ferromagnets consists of magnetodielectrics, heterogeneous 
substances, consisting of mixtures of ferromagnetic powders and 
insulating materials. Cores and components of this class are 
fabricated by techniques similar to those employed in the 
plastics industry. 


Some Attributes of Ferrites Under Pulse Conditions, by N. A. 
Smol’kov and V. F. Belov, vol. 23, no. 3, 1959, pp. 345-347. 
Introduction: _Memories—information storage devices—are 
fundamental to modern engineering cybernetics. Of all such 
devices, the most reliable, economical and quick acting are 
memories based on ferrite cores with rectangular hysteresis loops. 
Magnesium-manganese ferrites, sometimes doped with CaO, ZnQ, 
etc., are extensively used in computer memories. Inasmuch «s 
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the external conditions, in particular the ambient temperature, 
under which such devices are operated may differ, the variation 
of the properties of ferrites as a function of the external conditions 
is of considerable interest. Albers-Schoenberg and Eckert 
investigated the influence of temperature on the hysteresis loop 
of Mg-Mn ferrites; Van der Heide et al. studied the tempera- 
ture dependence of the pulse characteristics of Cu-Mn ferrites. 
In the present work we investigated the temperature dependence 
of the pulse characteristics of some Mg-Mn ferrites. 


Ferromagnetic Semiconductors in Super-High Frequency Fields, 
by A. G. Gurevich, vol. 23, no. 3, 1959, pp. 348-353. 
Introduction: One of the principal fields of application of 
ferromagnetic semiconductors is super-high frequency (herein- 
after shf) engineering. Until relatively recently, ferromagnetic 
materials were not used in this range. The need for such 
materials arose at the end of the 1940’s, when development of shf 
electronics brought two new acute problems: 1 Rapid regula- 
tion of component parameters, and 2 the development of 
sysiems not governed by the reciprocity principle. Only through 
the use of magnetized ferromagnetic materials could these 
problems be solved by simple means insuring good stability, an 
unlimited service life and the capacity to handle high shf powers. 
Ferromagnetic metals cannot be used efficiently in the shf 
range. Both the indicated problems can however, be solved 
by means of ferromagnetic semiconductors with low conductivity, 
for example, some ferrites. The introduction of ferromagnetic 
semiconductors brought a revolution in shf engineering. Recent 
advances in radar, radio relay communications and allied fields 
would be impossible without ferromagnetic semiconductors. The 
present report is a brief survey of the properties of ferromagnetic 
semiconductors in shf fields with particular attention to pre- 
magnetized materials, the behavior of which is of great interest 
from both the theoretical and practical standpoints. 
Some Properties of Ferrites at Super-High Frequencies, by 
N. A. Smol’kov and E. I. Fomenko, vol. 23, no. 3, 1959, pp. 
363-365. 


INDUSTRIAL LABORATORY (Zavodskaya Lab- 
oratoriya). Published by Instrument Society of 
America, Pittsburgh, Pa. 


Heat Resisting Strain Gage Wire Grids on a Laminated Fiber 
Glass Base, by V. A. Golovin and V. D. Nessonov, vol. 25, no. 1, 
Jan. 1959, pp. 126-128. 

Introduction: A considerable number of different types of 
strain gage wire grids has been developed for measuring at 
elevated temperatures. However, their measuring ranges and 
characteristics are as yet not satisfactory. The DK type strain 
gage grids wound on a paper base impregnated with synthetic 
resin are widely used in measuring dynamic and static strains at 
ordinary temperatures. When the temperature rises to 150-200 
C the paper base becomes carbonized, which affects the adherence 
of wire to the metal. Tests showed that laminated fiber glass, a 
material consisting of two layers of glass fibers with BF-2 ad- 
hesive, is the best base for strain gage wire grids. 


Strain Gage for Measuring Strains Caused in a Specimen by the 
Combined Action of Axial Forces and Torque, by N. M. Domarev 
and V. F. Latyshev, vol. 25, no. 1, Jan. 1959, pp. 129-130. 

Introduction: The mechanical strain gage suggested here is 
simple and convenient in operation. It enables a simultaneous 
measurement to be made of axial and angular strains in specimens 
ranging in diameter from 10 to 30 mm in both the elastic and 
elastic-plastic regions, and makes possible the determination of 
the first three figures of the modulus of elasticity H and of shear 
G, and also the determination of the Poisson’s ratio. The re- 
quirements of accuracy are satisfied. The strain gage consists 
of two main parts which are secured on the specimen by means of 
blades 1 and 2 (U8 steel) hardened to Rc = 64, and can be handled 
independently of one another. The axial strain is measured on 
the gage length of 100 mm by means of two indicators 3 and 4 
with y-divisions. These indicators are mounted on the top 
of the strain gage and are in contact with flat platform 5. 


Annulus Dynamometer With Electric Strain Gages, by N. F. 
Cherepnin, vol. 25, no. 1, Jan. 1959, pp. 130-131. 


Introduction: We have developed, for measuring tensile 
stresses in the foundation bolts of supporting structures in mines, 
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an annulus dynamometer with electric indicator. The circuit of 
the measuring unit consists of two parts: A resistance dynamo- 
meter and electric indicator which, in turn, consists of an a-c 
generator, an unbalance compensator and the zero indicator. 


Investigation of Chromatographic Gas Analyzers, by T. G. 
Garnova, L. E. Elotnikov, M. B. Moshinskaya, N. G. Paradz- 
hanova and V. P. Shvartsman, vol. 25, no. 2, Feb. 1959, pp. 167- 
168. 


A Method of Investigation of Metal Corrosion During Condensa- 
tion, by I. L. Rozenfel’d and K. A. Zhigalova, vol. 25, no. 2, 
Feb. 1959, pp. 182-184. 

Introduction: Observations show that the distinctive feature of 
corrosion accompanying condensation is the nonuniformity of 
its distribution, which can be explained only by the fact that the 
condensation occurring on all commercial metals is mainly in 
drop form. The investigations of corrosion processes accompany- 
ing condensation, as well as short-time tests, must be carried out. 
with due regard to the amount of moisture condensing on the 
metal surface. In doing so, it is necessary to take into account 
that, at a given relative humidity, the changes in the water 
vapor content of air with temperature are nonlinear. For this 
reason, equal temperature changes produce, at low temperatures 
(for example, at 5-10 C), and at higher temperatures (35-40 C), 
the condensation of different quantities of water. 


Elimination of Errors Occurring in Measurements With Q- 
Meters, by I. S. Pavlov and A. S. Marchenko, vol. 25, no. 2, Feb. 
1959, pp. 184-189. 

Introduction: The sources of errors occurring during measure- 
ments with Q-meters can be divided into three groups: 1 Errors 
of calculation equations; 2 errors due to the unsatisfactory 
design of the instrument; and 3_ errors introduced by additional 
devices (various attachments, thermostats, specimen holders, 
ete.). It has often been pointed out in technical literature that 
the errors in determining the Q-factor are relatively high. The 
calculation with equations known for the theory of errors often 
produces a relative error of the order of 30 per cent and more. 
This error is of the maximum size permissible in single tests. The 
actual error due to the scatter of measurement results is deter- 
mined by the deviation of the individual values from the mean 
value, as obtained in large-scale tests. These tests are carried out 
in absolutely identical conditions. Experience shows that, 
if this condition is fulfilled, then the scatter of results of individual 
tests is not very high. However, it is difficult to obtain identical 
test conditions. The second group of causes of possible errors is 
represented by design and construction defects of the instrument 
itself, which affect the measurement accuracy. 


Recording of the Impact Testing Process of Welded Joints With 
an Oscillograph, by M. N. Gapchenko, vol. 25, no. 2, Feb. 1959, 
pp. 203-207. 

Introduction: As a method which makes possible the recording 
of quick processes taking place during an impact test, oscillo- 
graphic investigation has been in use for a long time. Apart 
from their advantages, the existing methods also have some 
disadvantages, mainly inadequate sensitivity and accuracy, 
complexity of the plant, ete. We recorded the impact test on a 
loop oscillograph using an accelerometer as the pickup. 


Experimental Apparatus for the Study of the Corrosion Behavior 
of Materials in Highly Corrosive Media, by V. I. Ginzburg, 
vol. 25, no. 2, Feb. 1959, pp. 233-235. 

Introduction: We designed and constructed, from molyb- 
denum glass, an apparatus which imitates the production process 
of the actual manufacturing unit. The equipment is intended for 
the study of corrosion behavior or the chemical resistance of 
metallic and nonmetallic materials at high temperatures in 
continuous contact with highly corrosive liquid or gaseous 
agents. For the accommodation of test specimens, any of the 
devices with the continuous circulation of gas can be employed. 
The plant was successfully used in the study of the corrosion be- 
havior of nickel-chromium steels at temperatures up to 100 C in 
a flow of concentrated sulfuric acid (85-98 per cent), saturated 
with various gases (O., and Of particular interest 
was the study of the type and causes of the point-pit corrosion of 
nickel-chromium steel in conditions approximating their service 
conditions: The variation of speed and quantity of the gas 
circulated through the system, the intensity of agitation of the 
liquid corrosive medium, the temperature of the solution, ete. 
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Hydraulic Strain Gage for Moavaring Strain During Tension and 
Compression, by K. K. Likharev, vol. 25, no. 3, March 1959, pp. 
376-377. 
Introduction: We developed a hydraulic strain gage based on 
the principle of the “hydraulic level ratio.” The strain gage is 
easy to operate and gives stable readings of high accuracy. 


High Sensitivity Flame With a Photo- 
‘multiplier, by A. L. Osherovich and G. A. Sheinina, vol. 25, no. 
3, March 1959, pp. 380-382. 

Introduction: The main requirements which flame spectro- 
photometers have to meet are: A spectral sensitivity within 
3800-9200 A; the optical system should be able to separate as 
narrow as possible a spectral interval; the sensitivity range and 
the dynamical range of the photoelectrical equipment should 
permit the recording of very weak as well as very strong fluxes. 
We developed a simple highly sensitive flame spectrophotometer 
which meets these requirements. 


Determination of the Modulus of Elasticity / by the Electrical 
Method, by Yu. D. Sofronov, vol. 25, no. 4, April 1959, pp. 
489-491. 

Introduction: The application of the radiophysical method for 
the determination of elastic constants, requires the use of com- 
plex electronic equipment. In order to simplify the construction 
of apparatus and its servicing in the excitation of vibrations of 
specimens, we applied the industrial alternating current. In 
this, we changed the testing method as, in this case, the resonance 
is achieved by changing the free length of the specimen. 


A Simple and Highly Sensitive Thermocouple for the Measure- 
ment of Body-Surface Temperature, by G. I. Berezin, vol. 25, 
no. 4, April 1959, pp. 502-503. 


A Device With a Split Block for the Determination of the Friction 
Coefficient, by A. A. Presnyakov and A. A. Vinnitskii, vol. 25, 
no. 4, April 1959, p. 505. 

Introduction: We developed a device with a split block 
permitting the determination of contact friction forces arising 
in setting, and also the actual specific pressure at the surface in 
contact. The latter provided the possibility of studying the fric- 
tion distribution in the deformation nucleus and calculating the 
coefficient of friction. The layout of the device is described. 


An Electrolytical Bridge for the Investigation of Electro Osmosis 
Under Hydrostatic Pressure, by bh. M. Gutman, vol. 25, no. 4, 


April 1959, p. 507. 


INSTRUMENTS EXPERIMENT. AL TECH- 
NIQUES (Pribory i Tekhnika Eksperimenta). 
Published by Instrument Society of Americz 
Pittsburgh, Pa. 


Studies on Slow Neutron Counters, by V. Ya. Savel’ev and V. A. 
Kononenko, no. 1, Jan.-Feb. 1959, pp. 66-69. 

Abstract: A simplified theory is presented for the processes in 
BF;-filled slow neutron counters. Formulas are deduced that 
relate the pulse height, efficiency and threshold to voltage, 
pressure and dimensions. Experimental results are given, 
particularly on the relations between the main parameters, ¢.g., 
the threshold, amplitude, efficiency, plateau position, pressure, 
potentials on the electrodes, discrimator settings, and dimensions. 
The simplified theory gives results that are in reasonable agree- 
ment with experiment. 


Thermal Stabilities of Halogen Counters, by V. G. Chaikovskii, 
no. 1, Jan.—Feb. 1959, pp. 69-71. 

Abstract: A design for thermally stable halogen-filled counters 
has been sought. It has been found that these counters change 
their characteristics at high temperatures because products 
formed by the halogens reacting with the materials in the counter 
evaporate. The counters can be made stable up to 170-200 C 
if these products are first removed. 


Nonoverloading Linear Amplifier for High Speed Counting, 
by A. S. Melioranskii and Yu. M. Ostanevich, no. 1, Jan.—Feb, 
1959, pp. 77-80. 

Abstract: Description of a linear, nonoverloading amplifier to 
work with a scintillation transducer for counting speeds up to 
10° pulses per sec. 


880 


Modulation Method of Identifying Weak om Signals, by A. G. 
Gorelik and V. V. Kostarev, no. 1, Jan.—Feb. 1959, pp. 80-85. 
Abstract: A device for identifying weak signals in pulse working 
at aerological radio location stations is described. For decreasing 
the effect of the instability of supplies, tube characteristics 
variations and changes in circuit parameters, a modulation 
averaging method was used. With an averaging time of 25 
see a gain of 17 db in the signal to noise ratio was obtained :s 

compared with a conventional radio location station. 


Methods and Apparatus for Low Temperature Optical and 
Spectral Investigations, by V. P. Babenko, V. L. Broude, V. ». 
Medvedev and A. F. Prikhot’ko, no. 1, Jan.—Feb. 1959, pp. 119- 
124. 

Abstract: Metal eryostats were developed for optical and 
spectral investigations at the temperature of liquid hydrogen 
and liquid helium. The design ieatures of the cryostats made it 
possible to obtain the lowest and most stable temperatures of tl.e 
samples and also to reduce considerably the consumption of 
hydrogen or helium used for cooling. The cryostats were 
adapted for the application of microprojection methods of tle 
absorption and luminescence of crystals in the free and stressed 
state and for crystallo-optical and photoelectric low temperature 
measurements. 


Behavior of Certain Type Photomultipliers in Weak Magnetic 
Fields, by L. I. Zlobin, Yu. A. Nemilov and A. N. Pisarevskii, 
no. 1, Jan.—Feb. 1959, pp. 145-146. 

Abstract: Data on the variation of the general sensitivity, 
amplitude, resolution and the pulse rise time in weak longitudin:l 
magnetic fields for photomultipliers FEU-11, FEU-15, FEU-S 
and FRU-V are given. 


Installation for Obtaining Powerful Magnetic Fields of Short 
Duration, by V. R. Karasik, no. 1, Jan-Feb. 1959, pp. 147-150. 

Abstract: The construction of devices for obtaining powerful 
magnetic fields of short duration is described in detail. Fields 
of 3 X 10° oersteds in a volume of 0.7 cm’ are obtained by dis- 
charging a bank of capacitors. The discharge is oscillatory with 
a period of 2 X 10-4 sec. The construction of the solenoid, its 
manufacture and assembly are described in detail. 


Measurement of Particle Distribution by the Amplitudes of 
Radial-Phase Vibrations, by K. A. Belovintsev and B. N. 
Yablokov, no. 2, March- April 1959, pp. 188-191. 

Abstract: A method is given for measuring the distribution of 
accelerated particles by the amplutides of radial-phase vibrations. 
This distribution was found experimentally. A relation was 
obtained between the half width of the accelerated bunch and 
the energy and period, for which the accelerating voltage operates; 
this relation shows satisfactory agreement with theory. 


A New Radio Telescope of High Resolving Power, by S. I". 


Khaikin and N. L. 
195-199. 


Kaidanovskii, no. 2, March-April 1959, pp 


Abstract: The reflector is made up of separate flat strips 
tangential to the paraboloid, whose axis is directed to the point 
of observation; the points of contact lie in a horizontal plane 
passing through the focal point of the paraboloid. The reflecting 
surface is made highly accurate in form by adjusting each strip 
individually. A plane wave is transformed to a cylindrical one 
with its axis vertical. A second mirror (a paraboloidal cylinder ) 
transforms the latter wave to a spherical one. The axis of the 
telescope may be set in any direction by adjusting the positions 
of the strips and of the radiator. The horizontal dimension is 
120 m, the vertical one 3 m; this gives a beam with a divergence 
of 1.2’ in azimuth and 1° about the line of sight at 3-em wave 
length. A telescope with a reflecting area of 104-10® m? can be 
built for centimeter wave lengths on this principle. 


Experience With Adjusting a Large Radio Telescope, by N. A. 
Ksepkina, no. 2, March-April 1959, pp. 200-201. 

Abstract: A description is given of an experimental test of « 
proposed method of measuring the parameters of a narrow bean 
antenna within the Fresnel zone. Measured patterns and gai! 
factors are given for systems with apertures of about 1000 
and 2000 A. The effects of some errors in the surfaces are 
examined. 


Remote Controlled Device for Measuring the Intensity of « 
Magnetic Field, by L. N. Gertsiger, no. 2, March-April 1959, pp 
208-211. 
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Abstract: A device for measuring the intensity of permanent 
magnetic fields within the limits of 0.3-20 kilo-oested based on 
the nuclear magnetic resonance method and designed for measure- 
ments in the gaps of large magnets is described. Control of the 
frequency of a vacuum tube oscillator by means of a piezoelectric 
capacitor is employed in the system. 


Apparatus for Automation of the Measurements of the Multiple 
Scattering of Particles, by G. E. Belovitskii, L. N. Korablev, 
L. VY. Sukhov and I. V. Shtranikh, no. 2, March-April 1959, pp. 
267-271. 

Abstract: An instrument which makes both readings and 
calculating operations automatically during measurements of 
multiple Coulomb scattering is described. The instrument also 
permits the automation of measurements of lengths. The 
instrument contains transducers installed on a microscope and an 
electronic calculating device operating on the discrete counting 
principle. The use of this instrument speeds the measurement 
of scattering by more than five times and increases the accuracy 
of measurement and reliability of calculations. The instrument 
can be used for the automation of similar measurements in 
bubble chambers and cloud chambers. 


Selection of the Optimum Passband in an Amplifier Operating 
With an Ionization Chamber, by A. A. Vorob’ev, V. A. Korovlev 
and G. E. Solyakin, no. 2, March-April 1959, pp. 275-284. 

Abstract; The optimum passband of an amplifier with two 
differentiating circuits was calculated. It was shown that the 
introduction of a second differentiating circuit completely removes 
the influence of the microphonic effect and low frequency inter- 
ference without impairing the signal to noise ratio. 


Transformation of Sinusoidal Signals Into Short Pulses, by 
V. |. Nikitenko and A. N. Pegoev, no. 2, March-April 1959, 
pp. 289-291. 

Abstract: A converter of sinusoidal signals into short pulses is 
described. Experimental data of converting which provides a 
far greater accuracy in transformation are given. The error of 
transformation is less than 10~‘ of the original sinusoidal signal 
period with a change in its amplitude by a factor of 2. Oscillo- 
grams illustrating the operation of the circuit are appended. 


A Way of Increasing the Stability of Scintillation Counters, by 
A. M. Ivanchenko, no. 2, March-April 1959, pp. 330-332. 

Abstract; As a result of long-standing work with scintillation 
counters designed to measure the luminescence yield and the 
amplitude resolution of scintillators, it was established that, 
despite the application of high stability feed sources and magnetic 
protection of the photomultiplier, the results of repeated measure- 
ments often do not coincide. The necessity of keeping the photo- 
multiplier in darkness for a comparatively long time after the 
change of scintillators causes a scattering of measurement results 
for the luminescence yield and the resolution of the crystal 
phosphor. This article proposes a method which is based on the 
principle of automatic amplification control of the whole linear 
channel (including the photomultiplier and the amplifier) by 
means of the control signal. 


A Resonance Modulator of Light Beams, by A. A. Meier and K. P. 
Tissen, no. 2, March-April 1959, pp. 332-333. 

Abstract: This article describes a simple light beam modulator 
in which a high stability of modulation frequency is achieved by 
the application of mechanical resonance. Two variants of the 
modulator (working at a frequency of approximately 70 eps) 
were applied to the investigation of electrical properties of 


semiconductors. 


JOURNAL OF APPLIED MATHEMATICS AND 
MECHANICS (Prikladnaia Matematika i Mek- 
hanika). Published by Pergamon Institute, New 
York, in conjunction with American Society of 
Mechanical Engineers. 
A Method of Solving the Basic Integral Equation of Statistical 
Theory of Optimum Systems in Finite Form, by V. S. Pugachev, 
vol. 23, no. 1, 1959, pp. 1-16. 

Abstract: We present the application of the general formula for 
solving a linear integral equation of the first kind, encountered in 


solving a number of problems of statistical theory of optimum 
systems, to the case when the kernel of the equation represents a 
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correlation function of a random function and is related to white 
noise by linear differential equation. A case of an infinite 
observation interval is treated first, and the results obtained are 
then applied to the case when the observation interval is finite. 
Finally, on the basis of the author’s general formula, a solution 
for the nonstationary case given by Laning is derived in a 
straightforward manner. From this solution there follow 
previously known solutions of specific problems by Dolph and 
Woodbury, Zadeh and Ragazzini, and Semenov. It has been 
shown that the known results by Wiener and Booton for the 
case of infinite observation interval can be obtained from the 
author’s general formula as special cases. Consequently, the 
results of this article complete the proof that all the known 
methods of determining optimum linear systems may be very 
simply obtained through the application of one general method, 
that of canonic representations of random functions. 


On the Autonomous Determination of Position of a Moving 
Object by Means of a Space Gyrocompass, a Directional Gyro- 
scope and an Integrating Device, by A. Iu. Ishlinskii, vol. 23, 
no. 1, 1959, pp. 75-82. 

Abstract: A theoretical solution of the problem of the deter- 
mination of position of a moving object by means of gyroscopes, 
accelerometers and integrating devices has been presented in 
another paper. The scheme of combining the computed ele- 
ments as shown in it could be modified in many different ways. 
This work presents one of the variants of a somewhat different 
solution of the problem with the use of the properties of Geckeler’s 
gyrocompass. This variant of a solution of the problem of an 
autonomous determination of position of an object moving on a 
spherical Earth requires the use of a directional gyroscope and of 
a device integrating a system of three nonlinear differential 
equations of the first order. 


Magnetodynamics of Plane and Axisymmetric Flows of a Gas 
With Infinite Electrical Conductivity, by M. N. Kogan, vol. 23, 
no. 1, 1959, pp. 92-106. 

Abstract: In this paper we investigate flows of an ideal gas 
with infinite conductivity in a magnetic field which is parallel to 
the velocity of the approaching stream. It is shown that there 
exist two hyperbolic flow regimes, one of which occurs at sub- 
sonic velocities. In this flow regime shock waves are inclined up- 
stream. For certain values of the ratio between magnetic and 
hydrodynamic pressures, there exists an elliptic type of flow at 
supersonic velocities. In this regime weak shock waves do not 
occur, but there are strong shock waves whose angles of inclina- 
tion start from the perpendicular. We work out the simple 
waves for the hyperbolic regimes and construct the solutions for 
the problem of flow around bodies, in the linearized and second- 
order approximations. 


Analysis of Weak Discontinuities in Magnetohydromechanics, 
by V. N. Zhigulev, vol. 23, no. 1, 1959, pp. 107-113. 


Integro-Differential and Integral Equations of Equilibrium of 
Thin Elastic Shells, by N. A. Kil’Chevski, vol. 23, no. 1, 1959, 
pp. 165-178. 

Abstract: In the following we present a method based on 
application of the work reciprocity theorem for deriving integro- 
differential and integral equations of equilibrium of thin elastic 
shells in terms of displacements. This is a modification of the 
well-known Somiglian method, from which it differs by a special 
choice of the system of the ‘auxiliary’ displacements; this 
choice allows us to represent the displacement of a point of the 
middle surface of the shell by the sum of two displacements: 
The displacement of the corresponding point of the middle plane 
of a plate—the ‘“‘map”’ of the middle surface of the shell—and a 
supplementary displacement depending in particular on the 
curvature of the middle surface of the shell. In the case of 
cylindrical shells the method was used by the author over 10 
years ago. In the present paper it is extended to the treatment 
of shells of any form of the middle surface. 


On the Motion of Gyroscopic Systems, by V. S. Novoselov, vol. 
23, no. 1, 1959, pp. 242-246. 

Abstract: In examining the motion of a gyroscopic system, we 
usually omit the second derivatives of Lagrangian coordinates in 
the linearized equations. For the steady motion of gyroscopic 
systems in which damping is not present, such an operation 
was justified by Merkin. In this paper we consider the case of 
a gyroscopic system with variable coefficients. The method 
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suggested is based on ordinary substitution for the independent 
variables; this method is also of interest for the steady gyro- 
scopic system. 


Steady-State Flow of Detonating Gas Around a Cone, by S. 5. 
Kvashnina and G. G. Chernyi, vol. 23, no. 1, 1959, pp. 252-259. 


The Solution of the Equation of Magnetohydrodynamics Describ- 
ing the One-Dimensional Axisymmetrical Motion of a Gas in a 
Gravitational Field, by E. V. Riazanov, vol. 23, no. 1, 1959, 
pp. 260-265. 

Abstract: We consider the one-dimensional axisymmetrical 
unsteady motion of an electrically conducting perfect gas, 
subject to the force of Newtonian gravitation. We will assume 
the conductivity of the gas to be infinite, the magnetic field 
perpendicular to the trajectory of the gas molecules, and the 
viscosity and thermal conductivity negligible. 


On the Similarity of Hypersonic Viscous Flows Around Slender 
Bodies, by V. V. Luniev, vol. 23, no. 1, pp. 273-280. 

Abstract; The equations of the laminar boundary layer on 
sharp flat and axisymmetric bodies are considered for high 
flight Mach numbers M. For the flat plate, similar equations 
have been studied by Shen and Lees. Criteria for the extent of 
the influence of the boundary layer on the outer inviscid flow 
are established for M>>1. For thin bodies, conditions for the 
similarity of the flows are determined. 


-Selfsimilar Motions of Gas With Shock Waves, Spreading With 
Constant Speed Into Gas at Rest, by G. L. Grozdovskii, A. N. 
Diukalov, V. V. Tokarev and A. I. Tolstykh, vol. 23, no. 1, 1959, 
pp. 281-286. 


On a Problem of Optimum Control of Nonlinear Systems, by 
N. N. Krasovskii, vol. 23, no. 2, 1959, pp. 303-332. 


On the System of Differential Equations of Equilibrium of 
Shells of Revolution Under Bending Loads, by V. S. Chernin, 
vol. 23, no. 2, 1959, pp. 372-382. 


Flow Problems in Magnetohydrodynamics, by M. D. Ladizhen- 
skii, vol. 23, no. 2, 1959, pp. 419-427. 


A Point Source of Luminous Radiation in a Scattering Medium, 
by L. A. Galin, vol. 23, no. 2, 1959, pp. 428-435. 

Abstract: This paper establishes the distribution of luminous 
radiation from a point source located in a scattering medium. It 
is assumed that the scattering is isotropic: That is, that any 
element of the medium emits radiation in all directions with 
equal intensity. This problem was first considered in a paper by 
Ambartsumian. Some problems of a similar type have been 
considered in connection with the diffusion of neutrons. 


Solutions of Singular Cases of Point Explosions in a Gas, by 
V. P. Korobeinikov and E. V. Riazanov, vol. 23, no. 2, 1959, 
pp. 539-544. 


On the Conditions at Elastic Wave Fronts Propagating in a Non- 
homogeneous Medium, by A. A. Gvozdev, vol. 23, no. 2, 1959, 
pp. 556-561. 

Abstract: Two types of waves can be propagated independently 
from one another in a homogeneous elastic medium. In the 
longitudinal waves the displacements u are such that there are 
no element rotations (rot u = 0), and in transverse waves there 
are no volume changes (divu = 0). Ina nonhomogeneous elastic 
medium no independent longitudinal and transverse waves 
exist. Volume changes as well as element rotations are simul- 
taneously present in these wave motions. This article deals with 
the study of the character of the displacements near the wave 
front (a surface at which the displacements undergo a finite 
discontinuity), which moves in an ideally elastic nonhomogeneous 
medium. Fronts with such discontinuities may correspond to 
sources of waves with a time dependence of the type of a step 
force (Heaviside functions), or an integral of it. 


A Generalization of a Proposition by Liapunov on the Existence of 
Periodic Solutions, by S. N. Shimanov, vol. 23, no. 2, 1959, pp. 
583-587. 


Equations of Perturbed Motion in the Kepler Problem, by 
A. I. Lur’e, vol. 23, no. 2, 1959, pp. 588-591. 


On the Stationary Distribution of Mutually Attracting Particles, 
by A. N. Gerasimov, vol. 23, no. 2, 1959, pp. 592-596. 
Introduction: The well-known barometric formula of Laplace 
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Pp = po exp[—(mgh/kT)] is a particular, and by no means com- 
plete, example of the application of Boltzmann’s general formula 
p = po exp [—(II/kT7)] where I is the potential energy of the 
particle and 7’ the absolute temperature, identical for all the 
parts of the region, to which the distribution of the density p is 
related. | However, the state of the system, though stationary in 
the thermal sense, need not necessarily be isothermal. We will 
investigate an infinite body whose particles are subjected only to 
forces of mutual attraction in accordance with Newton’s law. 
The equation of state need not be specified, it can be arbitrary. 
In the end some state of the system will be established, and it wil! 
necessarily possess spherical symmetry (we assume an infiniic 
number of particles). A nonlinear integral equation is derive:|, 
connecting distribution of temperature with distributon of 
density. Knowing the distribution of the one, the distribution 
of the other can be obtained from this equation. For the Clape) - 
ron state the problem can easily be carried through to completion. 
The formulas above are obtained as particular cases for the isv- 
thermal state. 


MEASUREMENT TECHNIQUES ([zmeritel’naya 
Tekhnika). Published by Instrument Society of 
America, Pittsburgh, Pa. 


Error of the Measurement of the Intensity of a Magnetic Field by 
the Method of Nuclear Magnetic Resonance, by A. V. Kubarev, 
no. 1, Jan. 1959, pp. 44-48. 

Introduction: The method of nuclear magnetic resonance 
finds wide use for the measurement of the intensity of a constant 
magnetic field with high precision. It is sufficient to point out 
that the results achieved now permit one to raise the question 
about transfer to a new testing plan of magnetic measurements 
whose basis will be the value of the gyromagnetic ratio of the 
proton and the method of nuclear resonance. The analysis of the 
errors of the method and corresponding measuring apparatus 
arouses interest. The presence of nonuniformities of the field 
measured and the measuring circuit with narrow band amplifica- 
tion of the resonant signal, are taken into account in the analysis. 


A Photoelectric Instrument for Measuring Torques, by M. D. 
Konovalov, V. A. Rikhter and V. N. Tarapin, no. 2, Feb. 1959, 
pp. 113-114. 

Introduction: This instrument was developed by Professor S. A. 
Strelkov’s design for measuring the torques in the shafts of 
building and road-making machines; the two designs were made 
to work a loop oscillograph without requiring current leads. 
The first design was meant for use with shafts that could be 
withdrawn in order to mount the device; the second (demount- 
able) design was meant for use with shafts that could not be 
withdrawn. 

Summary: Tests have shown that the calibration stays un- 
changed (within the error of measurement) for up to a year; 
the error of measurement under field conditions is 3-4 per cent, 
but can be reduced to 2 per cent under laboratory conditions; 
the unit works well at temperatures from —20to +35 C. These 
units have been in use for several years on excavators, snow- 
clearing machines, road rollers and other such machines. From 
the Editor: V. I. Zelinskii has used the principle described here 
to make the torsion gage described as ‘‘A photoelectric torque 
torsiometer’’ in no. 1 for 1958. 


A Ballistic Pendulum for Calibrating Acceleration Transducers, 
by V. P. Nenyukov, A. 8. Zhmur and G. L. Lyapin, no. 2, Feb 
1959, pp. 114-116. 

Introduction: The ballistic pendulum consists of a framework, 
a striker, a release mechanism and a deflection meter. The 
striker is a steel cylinder held by four steel wires. It is fitted 
with a striking pad on one end and with lugs and chain to couple 
with the release mechanism on the other. The counterweight is 
made of cast aluminum and is suspended in the same way as the 
striker. ‘The end facing the striker can be fitted with a disk of 
steel, plastic, ete. The other end carries a holder for the trans- 
ducer. The weight is also fitted with a boss coupled to a wire that 
works the deflection indicator. We found by recording the 
signals from a piezoelectric transducer on an oscilloscope that 
vibrational oscillations were excited in the weight. The accelera- 
tions caused by these oscillations are superimposed on the 
general acceleration. A cleaner recording was produced by 
fitting a damping pad between the weight and the transducer 
holder. The shape of the acceleration pulse produced when the 
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wave (the area under the curve deviates from the area for the 
best-fit sine wave by not more than 4 per cent). 


An Improved Low Frequency Bandpass Filter Circuit, by V. G. 
Zhelnov, no. 2, Feb. 1959, p. 138. 

Introduction: The proposed circuit is a modernized version of 
a low frequency bandpass filter for the suppression of higher 
harmonics, described earlier by the author. In the original 
version of that circuit the frequency change of an LC circuit was 
accomplished by means of changing the equivalent inductance, 
which made it possible to obtain a frequency coverage co- 
efficient of 3. 


Simple Method of Widening the Working Frequency Band of 
Film Bolometers in the Super-High Frequency Range, by V. A. 
Yugov, no. 2, Feb. 1959, p. 139. 

Introduction: Film bolometers for power measurements at 
super-high frequencies find ever increasing applications. The 
bandwidth, however, of an untuned bolometer head without a 
band widening system is insufficient for band measurements. 
As « result of investigations of different band widening methods, 
we have proposed a method of band widening by means of quartz 
tubes. 


Determining Ionization Work Done in Air by Gamma Radiations 
Co", by K. K. Aglintsev, G. P. Ostromukhova and E. A. Khol’- 
nova, no. 2, Feb. 1959, pp. 142-148. 

Introduction: To date there are no precise experimental data 
giving the value of ionization work done in the sphere of hard 
gamma radiations. One can only mention a note in which the 
value of ionization work done is reported for gamma radiations 
Co” as being equal to 34.2 ev. We conducted an experimental 
investigation of the ionization work in air for gamma radiations 
‘o. The value of ionization work done was measured by 
means of a preparation in a normal ionization chamber which 
determined the number of ion pairs and a gamma-calorimeter 
which gave the value of the absolute activity of the same prepara- 
tion. The mean value of the ionization work done, obtained 
from measurements of four different Co preparations, was found 
to equal 33.7 +1.5 ev. 


A General Approach to the Analysis of Static and Dynamic 
Errors, by N. A. Chekhonadskii, no. 3, March 1959, pp. 156-160. 

Summary: 

| The laws operating when measurements are carried out 
both statically and dynamically may be expressed by general 
relationships. 

2 Asa result of an application of the expressions obtained for 
the dynamic error analysis, it can be established that the dynamic 
error determined experimentally is, by its meaning, a systematic 
error of an apparatus operating dynamically. In addition to 
this error, a random error also arises when measurements are 
made dynamically. 

3 Results of measurements carried out by the apparatus both 
statically and dynamically may be expressed by similar 
expressions containing the basic characteristics of the apparatus 
for these operating conditions; this should make it easier to 
resolve static and dynamic problems involved in the construction 
of apparatus. 


Convergence of Automatic Balancing in Measuring Circuits With 
Two Balancing Elements, by V. Yu. Kneller, no. 3, March 1959, 
pp. 189-196. 

Introduction: Both in production testing and laboratory 
practice there has been felt in recent years an increasing need for 
changing over from precision manual measurements of electrical 
a-c quantities to automatic measurements. Since the ap- 
pearance of automatic balancers and a-c bridges—instruments 
which were most suitable for the purpose—more than 20 years 
have passed. During this period, many original circuits were 
proposed and sets made; to date, however, there have not been 
published any descriptions of a sound method for designing such 
devices, neither does there even exist a clear understanding of the 
process of automatic balancing and the manner in which it is 
affeeted by various bridge parameters. This hinders consider- 
ably the development and use of automatic balancers and 
bridges, in whose design one of the first questions raised is 
whether the measuring circuit will again balance itself auto- 
matically if the balance conditions are disturbed. If the answer 
is in the affirmative, there arises the question of the quality of 
the balancing process, i.e., of the speed of balancing, of the 
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impact disk is of bonded plastic is fairly close to half a sine 


a 


oscillations of the balancing elements, etc. The present article 
deals with analyzing these two problems for automatically 
controlled balancing by means of two parameters. 


Maximum Sensitivity of a Simple Bridge Circuit at Balance, by 
V. A. Kochan, no. 3, March 1959, pp. 200-205. 

Introduction: Many papers have been written on the problem 
of calculating optimum resistance values of simple bridge arms 
for maximum current, voltage or power. The present article 
provides a calculation of optimum bridge arm resistances with 
a given current J, and resistance r; for maximum sensitivity. 


A Standard Pulse-Series Generator for Checking Discrete- 
Operation Computers in Measuring Instruments, by G. L. Grin, 
and M. A. Zemel’man, no. 3, March 1959, pp. 209-211. 


Dynamic Properties of Devices for Measuring Unstable Tem- 
peratures, by G. P. Katys, no. 3, March 1959, pp. 230-236. 
Introduction: The optical devices used for measuring tempera- 
tures for unstable flames and gaseous media are usually photo- 
electric systems operating under dynamical conditions. The 
accuracy of measurement of rapidly changing temperatures 
depends very much on the principle adopted for the measuring 
system of the device and on the dynamical properties of its 
components. However, in designing or examining such devices 
the dynamical properties of measuring systems are not usually 
taken into account. As a result, the dynamical errors may 
reach the size of the errors of the method and even exceed them. 


Some Problems Connected With the Application of Random 
Functions in Metrological Practice, by G.S. Simkin, no. 4, April 
1959, pp. 241-245. 

Introduction: In estimating the accuracy of various means of 
measurement, one frequently uses the theory of random quanti- 
ties or, what amounts to the same thing, the theory of random 
errors, whose characteristic property is the fact that they are 
independent of the parameters of the means of measurement. 
However, a closer study shows that such an approach is some- 
times insufficient. 


A Device for Checking Wobble in Small Bearings, by I. M. 
Efuné, no. 4, April 1959, p. 255. 


OPTICS AND SPECTROSCOPY (Optika i Spek- 
troskopiia). Published by Optical Society of 
America, Inc., Washington, D. C. 


On the Question of the Buildup Time for Thermodynamic 
Equilibrium in the Plasma of an Arc Discharge, by V. K. Pro- 
kof’ev, D. B. Gurevich, I. M. Belousova and Iu. A. Snigirev, 
vol. 7, no. 1, July 1959, pp. 7-10. 

Abstract: This paper presents a method for measuring the 
buildup time for thermodynamic equilibrium in the plasma of 
an are burning in air, as well as the results of the measurements. 
The method consisted of momentary electrical perturbations of 
the are plasma. Equilibrium was taken as established when the 
temperatures, as measured from the atomic and molecular 
spectra, were equal. The times required to establish equilibrium 
turned out to be of the order of 20-25 microsec. 


Enhancement of the Sensitivity of the Optic-Acoustic Method of 
Gas Analysis by Using Cells With Multiple Passage of Radiation, 
by Ia. I. Gerlovich and P. V. Slobodskaia, vol. 7, no. 1, July 
1959, pp. 63-67. 

Abstract: A method is described for enhancing the sensitivity 
of an optic-acoustic gas analyzer, based on using cells with 
multiple passage of radiation. Dependence of the signal developed 
by the receiver on the effective thickness of the absorbing layer 
of gas in the cells is examined. It is shown that increase in sen- 
sitivity of the gas analyzer depends on the reflection coefficient 
of the mirror and astigmatism of the pencils of radiation. Rela- 
tions are obtained which enable one to determine the optimum 
number of passages. The dependence of the sensitivity of a 
gas analyzer on the amount of gas being determined in the com- 
parison cell is established. 


Isotope Shift in the Uranium Spectrum, by L. A. Korostyleva and 
G. A. Striganova, vol. 7, no. 2, Aug. 1959, pp. 89-90. 

Abstract: A Fabry-Perot interferometer was used to study the 
isotope shift in the uranium spectrum. The shift was measured 
for 46 lines in the visible region of the spectrum. New data were 
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obtained on isotope shift in terms and on preliminary classifica- 


- tion of uranium spectral lines. 


Influences on the Intensities of Spectral Lines in Flame Spectra, 
by N.S. Tskhai and 8S. L. Mandel’shtam, vol. 7, no. 2, Aug. 1959, 


pp. 91-96. 


Abstract: The causes of changes, observed in the practice of 
spectral analysis, in the intensities of spectral lines in the flame 
spectra of elements with changes in the form of compounds in 
which the elements are introduced to the flame, and with the 
introduction of additional compounds, have been investigated. 
The concentrations of Na and Sr atoms in the region of the flame 
and the temperature of the flame were measured; it was 
established that the observed changes of line intensities were 
caused by the joint action of the change in concentration of the 
atoms of the elements in the flame region as a consequence of 
the change of entrance speed of the solution into the flame, and of 
the change in the state of excitation of the atoms as a consequence 
of a change in the flame temperature. 


Investigation of the Temperature Dependence of the Intensity of 
Infrared Absorption Bands of Gases, by V. N. Smirnov and P. A. 
Bazhulin, vol. 7, no. 2, Aug. 1959, pp. 123-127. 

Abstract: Quantitative measurements of the intensity of 
infrared absorption bands of a series of substances in the gaseous 
phase were carried out at various temperatures. It was found 
that most of the bands show an increase in intensity with a rise in 
temperature. The effect of the gas pressure on the intensity 
of the infrared absorption was investigated. A discussion of the 
results obtained is given. 


Luminescence and Vavilov-Cherenkov Radiation in Solutions 
Bombarded by Gamma Rays, by Z. A. Chizhikova, vol. 7, no. 2, 
Aug. 1959, pp. 141-145. 

Abstract: The gamma luminescence is investigated of solutions 
in which energy transfer from the solvent to the solute does not 
exist. In such solutions the luminescence intensity is comparable 
to the Vavilov-Cherenkov radiation intensity. Vavilov-Cheren- 
kov radiation was used as a standard to determine the lumines- 
cence excitation efficiency p during bombardment by high speed 
electrons. The average value of p is 3.9 + 0.5 per cent for the 
solutions investigated. 


Infrared Absorption of Thin Films of Tin Dioxide, by V. K. 
Miloslavskii, vol. 7, no. 2, Aug. 1959, pp. 154-156. 

Abstract: The optical and electrical properties of thin films of 
tin dioxide have been investigated. Transmission and absorp- 
tion in the 1-184 range were measured, as well as the temperature 
dependence of these quantities between —150 and +200 C. 
The effects of various impurities were studied. 


On the Role of the Angle of Light Incidence in Observation of 
the Ultraviolet Minimum of Silver Reflectance, by G. P. Skorni- 
akov and I. I. Sasovskaia, vol. 7, no. 2, Aug. 1959, p. 157. 

Introduction: One of the singular features of metals is the 
dependence of their optical parameters on the angle of incidence. 
This is stated by Ketelaar’s formulas, and is confirmed by 
experiment. In the light of these features it is of interest to 
trace the angular dependence of silver reflectance in the region 
of the ultraviolet minimum, where reflection attains a value 
characteristic of dielectrics. Here we may expect a change in 
the amount of reflection in the region of the minimum, but it is 
difficult to predetermine the tendency of the points of the mini- 
mum to shift on the wavelength scale. 


Investigation of Infrared Absorption Spectra of Hydrocarbons 
at Various Temperatures in the Liquid and Solid Phases, by 
K. H. Kesler, Iu. A. Pentin, E. G. Treshchova and V. M. Ta- 
tevskii, vol. 7, no. 3, Sept. 1959, pp. 195-200. 

Abstract: The infrared absorption spectra of a series of hydro- 
carbons were studied at room temperature in the liquid phase and 
at low temperatures (down to —172 C) in the solid phase in order 
to ascertain the changes which take place in the sectra in the 
transition from the liquid to the solid. From a study of these 
changes conclusions could be reached concerning the presence or 
absence of rotational isomers in each of the phases and concerning 
the change of concentration of rotational isomers with tem- 
perature. 

Conclusions: 

1 Infrared absorption spectra were obtained in the region 
~700-1800 cm~! at room temperature and at low temperatures 
(down to —172 C) for n-heptane; n-octane; 3-methylheptane; 
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2,3-dimethylheptane; 2-methylheptene-2; 3,3-dimethylheptenc- 
1; 2,2,5,5-tetramethylhexane; 2,4-dimethylpentane; —2,5-di- 
methylhexane; the spectra of five of these were observed for the 
first time. 

2 It was found that for 2,4-dimethylpentane and 2,5-di- 
methylhexane changes take place in the spectrum of the crysta!- 
line phase, which indicate that in this phase there is a smaller 
number of rotational isomers present than in the liquid phase; 
probably only the single isomer with the highest symmetry is 
present. 

3 The different behavior of the hydrocarbons on solidification 
is discussed from the point of view of the possible rotational 
isomers. The suggestion is made that crystallization is possible 
for those substances for which, among the possible rotation: 
isomers, there is one with an adequately high degree of sym- 
metry; this isomer possesses an advantage over the others in 
the sense that it is able to form a regular molecular crystalline 
lattice. 


Optical Characteristics of Water and Ice in the Infrared and 
Radio Wave Regions of the Spectrum, by L. D. Kislovskii, vil. 
7, no. 3, Sept. 1959, pp. 201-206. 

Abstract: Values of the optical constants of water and ice have 
been calculated on the basis of a method proposed by the author 
for a broad range of the infrared and radio frequency spectrum. 
Certain earlier well-known data and our own experimental data 
were employed for the calculations. The values of the optical 
constants which have been found are in satisfactory agreement 
with the experimental data available in the literature. 


Theory of the Linear Kerr Effect in the Region of Exciton 
Absorption of Light by Molecular Crystals, by A. F. Lubchenko, 
vol. 7, no. 3, Sept. 1959, pp. 221-227. 

Abstract: A theory is developed of the linear Kerr effect for 
molecular crystals in which excitons are formed when there is a 
weak coupling between exciton excitation and lattice vibrations 
and an arbitrary value of the absorption coefficient. Equations 
have been obtained which determine the propagation of light in 
the region of exciton absorption in a constant uniform external 
electric field; the third rank tensor has been calculated which 
specifies the optical anisotropy, and also the value of the double 
refraction for crystals of cubic and medium symmetry when 
light propagation is along the direction of the external electric 
field parallel to the axis of the highest order. 


Plastic Scintillators With Additions of Aryl Derivatives of 1,3,4- 
Oxadiazole, by N. P. Shimanskaia, A. P. Kilimov, A. P. Grekov, 
L. M. Egupova and R. 8. Azen, vol. 7, no. 3, Sept. 1959, pp. 
239-241. 

Abstract: The scintillation efficiency and luminescence and 
absorption spectra of solutions of eight 2,5-aryl derivatives of 
oxadiazole in polystyrene were measured. The data obtained 
were compared with that measured earlier for eight derivatives of 
oxadiazole. It was shown that, among the substituents ex- 
amined, the biphenyl and 1-naphthyl groups have the most 
favorable effect on the scintillation efficiency. Estimation of the 
scintillation efficiency of polystyrene solutions, carried out by the 
method of Swank and Buck, shows that this characteristic of 
plastic scintillators is determined basically by the optical prop- 
erties (absorption and luminescence spectra) of the monomer 
and additive used. 

Conclusions: 

1 Among derivatives of oxadiazole, the most suitable as 
scintillation additives in plastic scintillators are the following: 
BBD, aNaND, MtPPD, aNBD, aNPD. 

1) 2-phenyl-5-(1-naphthyl)-1,3,4-oxadiazole. 

2) 2-(1-naphthyl)-5-(2-naphthyl)-1 13,4-oxadiazole, 

3) 2-(4-bipheny])-1,3,4-oxadiazole. 

4) 

5) 2-phenyi-5-(2-naphthyl)-1,3,4-oxadiazole. 

6) 

7) 2-phenyl-5-(4-bipheny])-1,3,4-oxadiazole. 

8) 
9) 2,5-dibiphenyl]-1,3,4-oxadiazole. 


2 In the diarylsubstituted oxadiazole series, the derivatives 
with the best scintillation properties are those which contain !- 
naphthyl or biphenyl] groups. 

3 Scintillation efficiency may be estimated (in relative units) 
for low concentrations on the basis of a method of Swank and 
Buck, in which calculation the overlapping of the luminescent 
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i spectrum of the host and the absorption spectrum of the additive 


is taken into account, as well as the yield of photoluminescence 
of the additive and the sensitivity of the FEU phototube to the 
luminescence of the additive. 

4 Scintillation efficiency of organic materials in plastic 
solutions is determined basically by three characteristics: a) 
absorption spectrum, b) luminescence spectrum, c) luminescence 
yield. 


On the Possibility of Resolving Two Light Sources of Sharply 
Differing Intensities, by A. N. Riazanov, vol. 7, no. 3, Sept. 1959, 
pp. 269-270. 

/ntroduction: Numerous recent reports have discussed the 
possibility of increasing the resolving power of optical systems 
by narrowing the central diffraction maximum and moving 
aside the satellites. These reports discuss resolving two point 
sources whose intensities are of the same order of magnitude. The 
problem of resolving two light sources of sharply differing in- 
tensities has its own specific peculiarities. It is well known that 
difiraction from the aperture of an objective gives a central 
m:iximum, surrounded by weaker secondary maxima whose 
intensities, with a slit objective, are 0.047, 0.017, 0.008, etc., 
times the intensity of the central maximum. If the difference in 
intensity of two point sources is of the same order as the intensity 
dilierence between the zero and first-order maxima, then such 
sources are impossible to resolve with the use of the usual uniform 
objective, even if the angular distance between them is somewhat 
larger than is required by the Rayleigh criterion. Consequently, 
for the resolution of two such light sources it is necessary to 
reduce the background around the zero order maximum. It is 
possible to achieve this at the price of some broadening of the 
central maximum. 


The Classification of Secondary Radiation, by B. I. Stepanov and 
P. A. Apanasevich, vol. 7, no. 4, Oct. 1959, pp. 285-289. 

Abstract: A quantum-electrodynamical analysis of the trans- 
formation of light by matter yields a systematic classification of 
secondary radiation, justifying its division into scattering or 
photoluminescence, depending on the absence or presence of 
intermediate processes between the disappearance and appear- 
ance of photons. The limits of adapting the criteria for duration 
and decay suggested by Vavilov are clarified. 


Dependence of the Intensity of Some Helium Lines on Pressure, 
by V. E. Yakhontova and M. I. Kliot-Dashinskii, vol. 7, no. 4, 
Oct. 1959, pp. 290-293. 

Abstract: The pressure dependence of the intensity of the 5016 
and 3965 lines of helium in a discharge tube is examined 
theoretically. It is shown that, in the general case, the emission 
intensity and the gas pressure are related by a nonlinear expression 
which depends upon the existence in the discharge of self- 
absorption effects. It is shown that the theoretical relationships 
obtained are in quantitative agreement with the experimental 
results. 


On the Temperature Dependence of the Intensities of Vibrational 
Absorption Bands of Gases in the Case of Fermi Resonance, by 
M. P. Lisitsa and V. L. Strizhevskii, vol. 7, no. 4, Oct. 1959, pp. 
305-307. 

Abstract: The question of the temperature dependence of the 
intensities of vibrational absorption bands in the presence of 
resonance interaction of energy levels has been considered. It 
has been shown that the theory developed leads to conclusions 
which agree satisfactorily with experiment. 


Optical Properties of Metal Films in the Region of Anomalous 
Skin Effect, by Van-Si-Fu, V. P. Silin and E. P. Fetisov, vol. 7, 
no. 4, Oct. 1959, pp. 339-341. 

Abstract: The optical properties of conducting films are 
considered for the case in which losses due to diffusion scattering 
of electrons at the surface of the conductor are not negligible. 


Thin Film Optics. V. The Properties of Silicon, by M. P. 
Lisitsa and N. G. Tsvelykh, vol. 7, no. 4, Oct. 1959, pp. 341-344. 

Abstract: The coefficients 7, R and R’ were measured for 
amorphous layers of silicon of thicknesses 0 < d < 1200 A, and 
for four wave lengths in the visible spectrum. On the basis of 
the experimental data, curves were plotted of the dependence of 
the fractional absorption of light on the film thickness. The 
index of refraction was calculated for the thicker films. The 
question of aging was also partially studied. 


The Vernier Effect in the Interferometric Measurement of the 
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Thickness of Thick Layers, by I. N. Shklyarevskii, E. T. Verk- 
hovtseva and G. N. Polyakova, vol. 7, no. 4, Oct. 1959, pp. 349- 
350. 

Effect of Foreign Gases on the Absorption of Infrared Radiation 
by Water Vapors in the Region of an Individual Line in Band 
2.74, by K. P. Vasilevsky and B. S. Neporent, vol. 7, no. 4, 
Oct. 1959, pp. 353-354. 

Introduction: The investigation of the effect of foreign gases on 
the integral absorption was carried out by us for an individual 
line of water vapor at 4025 cm~! (transition v;” = 0, J” = 5-5, 
v;' = 1, J’ = 6-2). The dependence of the absorption in this 
line on the natural concentration of water vapor and on the 
length of path has been previously investigated by us, and it 
was found that under the given experimental conditions the line 
absorption is accurately represented by the equations given by 
Laudenburg and Reiche for lines of dispersion form; i.e., the 
integral absorption A is equal to A = Su — (I/Ip)\dv = 2 V/Ssyl 
for z = Sl/2z7y >1. 


Registration of Spectra of the Aurora Borealis by Means of a 
Recording Spectrometer, by I. G. Frishman, vol. 7, no. 4, Oct. 
1959, pp. 354-355. 


Selective Modulation of Radiation by Periodical Variation of Gas 
Temperature, by A. O. Sall’, vol. 7, no. 4, Oct. 1959, pp. 355-356, 


Laws of the Absorption of Infrared Radiation in Thin Layers of 
Some Gases I. Coefficient of Absorption in Vibration-Rotation 
Bands, by P. I. Bresler, vol. 7, no. 5, Nov. 1959, pp. 371-375. 

Abstract: The laws of absorption of infrared radiation in gases 
for thicknesses of layers, which are generally dealt with in infrared 
absorption instruments, are examined. Approximate formulas 
for the determination of the coefficient of absorption and of the 
absorbed radiation in vibration-rotation bands of diatomic and 
some more complicated molecules are investigated. 


Laws of the Absorption of Infrared Radiation in Thin Layers of 
Some Gases II. Absorption of Radiation in the Vibration- 
Rotation Bands of Some Gases, by P. I. Bresler, vol. 7, no. 5, 
Nov. 1959, pp. 375-377. 

Abstract: Formulas are obtained connecting the intensity of 
radiation absorbed by a relatively thin layer of a gas, with the 
parameters of the particular vibration-rotation band of the gas. 
The limits of the application of the laws of the linear and of the 
quadratic roots of the absorption are determined. 


The Absorption Spectrum of Liquid and Solid Oxygen Under 
Pressure (12,600-3000 A), by V. I. Dianov-Klokov, vol. 7, no. 
5, Nov. 1959, pp. 377-380. 

Abstract: Measurements were made of the intensity of the 
absorption spectrum of condensed oxygen at 7 = 86 K and at 
densities from p = 1.16 gm/cm* top = 1.6 gm/cm? (pressures 
up to 8000 atm). It was found that the dependence of the ab- 
sorption intensity on p is not the same for different groups of 
bands and is always high; for example, for wave length 6290 A, 
ém ~ p*9 in the region of the existence of a liquid phase. From 
the curve em = f(p), an estimate was made of the change in 
volume for the transition, liquid ~ y and y > 8. 


The Long Wave Length Infrared Spectrum of H.O Vapor and the 
Absorption Spectrum of Atmospheric Air in the Region 20—-2500u 
(500-4cm~!), by N. G. Yaroslavsky and A. E. Stanevich, vol. 7, 
no. 5, Nov. 1959, pp. 380-382. 

Abstract: The long wave length infrared (rotational) spectrum 
of H,O vapor in the region below 2500 is discussed, as is the 
presence in the spectrum of an absorption band at 1634y(6.12 
cm~'), corresponding to the rotational transistion 22 —~ 3-2. 
Quantitative data are obtained concerning atmospheric room air 
in the region 20-2500 » (500—4cm~!) for a layer of air of thickness 
10 m at a temperature of 20 C, pressure of 760 mm of mercury, 
and absolute humidity of 10.5 gm/m‘*. 


Determination of Spectrum Color Coordinates for 27 Normal 
Observers, by N. I. Speranskaya, vol. 7, no. 5, Nov. 1959, pp. 
424-428. 

Abstract: The color coordinates of the spectrum were deter- 
mined on the basis of purely colorimetric correlations with energy 
measurements for 27 normal observers with a visual field of 10 
deg. It was shown that the results obtained as a whole agreed 
satisfactorily with the measurements of Stiles for a group of 50 
observers, in spite of considerable difference in experimental 
conditions. The data obtained, together with those of Stiles, 
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were arranged basically in a table of values of the color co- 
ordinates of a spectrum with uniform energy distribution, pre- 


sented for acceptance at the sessions of the International Illumina- _ 


tion Commission (Brussels, 1959). 


PROBLEMS OF CYBERNETICS (Problemy Kiber- 


netiki). Published by Pergamon Institute, N. Y. 
Certain General Problems in Cybernetics, by A. A. Lyapunov, 


vol. 1, 1960, pp. 1-21. 


The Logical Structure of Programs, by A. A. Lyapunov, vol. 1, 
1960, pp. 48-81. 

Introduction: In recent years the automatic high speed digital 
computer has undergone rapid development. These machines 
make it possible to change the nature of a computer service 
fundamentally. If, earlier, calculations involving a million 
arithmetic operations verged on the possible, today, with the 
help of computers, we can often solve problems requiring billions 
of arithmetic operations. The appearance of such machines 
produced a large number of new mathematical questions and new 
fields of mathematics. On the one hand, much new work has 
resulted in the field of computing methods; on the other, the 
necessity of developing the theory of applied algorithms, i.e., of 
rational methods of constructing programs for the solution of 
various problems with computers, has arisen. This subject has 
been given the name of programing. The aim of this article is to 
describe the logical principles of programing. 


The Logical Schemes of Algorithms, by Yu. I. Yanov, vol. 1, 
1960, pp. 82-140. 


Automatic Programing With a Programing Program, by S. S. 
Kamynin, E. Z. Lyubimskii and M. R. Shura-Bura, vol. 1, 1960, 
pp. 149-191. 


Electronic Digital Computer TSEM-1, by G. A. Mikhailov, B. I. 
Shitikov and N. A. Yavlinskii, vol. 1, 1960, pp. 214-227. 

Introduction: There is an acute need for machines of medium 
size in addition to the large calculating machines necessary for 
computing centers. The price and running costs of these 
machines are nine to ten times less than the price of larger 
machines, and their technical specifications completely satisfy 
the requirements of scientific research institutes and design 
organizations. A machine of this class, the M-2 of the Control 
Mechanism Laboratory of the Academy of Sciences, is built 
according to the parallel principle (L 1), and the series machine 
Ural uses a magnetic drum (L 2) for high speed storage. The 
machine described in the present article is of the series type and 
has a fast-storage unit based on ultrasonic delay lines. 


A Method of Determining Grammatical Concepts on the Basis of 
Group Theory, by O. 8. Kulagina, vol. 1, 1960, pp. 228-242. 


Questions Involved in Distinguishing Homonyms When Trans- 
lating from English Into Russian Using a Computer, by T. N. 
Moloshnaya, vol. 1, 1960, pp. 243-250. 


Machine Translation From Hungarian to Russian, by I. A. 
Mel’chuk, vol. 1, 1960, pp. 251-293. 


RUSSIAN JOURNAL OF PHYSICAL CHEMISTRY 
(Zhurnal Fizicheskoi Khimii).!. Published by 
The Chemical Society, London. 


Reaction Kinetics of Peroxides in Solution. II. Kinetics of the 
Reaction Between Benzoyl Peroxide and Diphenylamine, by 
O. A. Chaltykyan, E. N. Anatasyan, N. M. Beileryan and G. A. 
Marmaryan, no. 1, pp. 36—44. 


Effect of Ozone on Hydrocarbon Combustion. II. Ignition of 
Butylene With Oxygen, by N. A. Slavinskaya, S. A. Kamenet- 
skaya and 8. Ya. Pshezhetskii, no. 1, pp. 45-49. 


Effect of Ozone on the Ignition of Hydrocarbons. III. Ignition of 
Cyclohexane With Oxygen, by N. A. Slavinskaya, S. A. Kame- 
netskaya and 8. Ya. Pshezhetskii, no. 2, pp. 271-275. 


1 Most of the following material is taken from a series of 
abstracts covering vol. 33, nos. 1-6 (Jan.June 1959). The 
ma translation program began with no. 7 (July 
1 ; 


Abstract: A study has been made of the critical conditions for 
the ignition of cyclohexane with oxygen in a heated vessel 
Ozone lowers the ignition temperature and the lower limit o! 
cyclohexane pressure, and eliminates the induction period 
These results conform with Semenov’s heat ignition theory. I\ 
has been shown by calculation that ozone lowers the effective 
activation energy from 43 kcal to 9.2 keal for mixtures containing 
13.2 per cent ozone. The effect of ozone on the ignition of 
cyclohexane is similar to that of the ignition of butane, but is 
weaker than on the ignition of butylene. 


The Entropy of Gaseous Monatomic Ions, by V. P. Vasil’ev, E. kh 
Zolotarev and K. B. Yatsimirskii, no. 2, pp. 328-330. 

Abstract: Employing statistical thermodynamic equations, th: 
entropies of ions in the gaseous state under standard condition. 
have been calculated. 


The Formation of Nitrogen Oxides in the Shock Wave of a 
Strong Explosion in Air, by Yu. P. Raizer, no. 3, pp. 700-709. 
Abstract: The kinetics of the formation of the nitrogen oxides 
NO and NO, are examined, and their distribution in air caught i): 
a strong shock wave is calculated. An estimate is made of th» 
total nitrogen oxidized during the strong explosion. It has 
been shown that the nitrogen oxide does not form in wave 
fronts with temperatures below 2000 deg. The basic mechanisi 
in the formation of the dioxide at temperatures above 2000 dex 
has been shown to be the process NO + O. = NO, + O, and 
the rate of this reaction has been calculated with the aid of the 
activated complex method. The investigation was necessary 
to explain a number of optical phenomena observed in a strong 
explosion: Glow of the shock wave at temperatures 2000-7000 
deg, the breaking away of the wave front from the fire ball and 
the characteristic intensity minimum of the latter. An _ in- 
terpretation of these effects has been given by the author in 
another report (Zhur. Eksper. Teor. Fiz., vol. 34, 1958, p. 483). 


The Rate of Burning of Atomized Fuel in a Turbulent Flow, by 
V. Ya. Basevich, no. 5, pp. 1080-1086. 

Abstract: In a study of the burning of atomized fuel in a 
turbulent flow the rate constants of the process have been 
determined. The theoretical ratio between the rate of burning of 
the drops and the vapor phase of the fuei in the case of a non- 
combustible composition of the latter, has been checked. The 
minimum critical diameter of the drops, which under conditions 
of turbulent flow limits the diffusion region of combustion, has 
been established. 


Kinetic Analysis of Chain Reactions. V. New Solutions of the 
Basic Equations for the Chain Reaction Kinetics Involving Two 
Active Particles, by S. 8. Vasil’ev, no. 5, pp. 1100-1110. 

Abstract: New solutions for the basic differential equations of 
chain reaction kinetics for the case of two active particles made it 
possible to obtain formulas that show directly how the values of 
the generalized rate constants of the initial kinetic equations, of 
the rates of the spontaneous formation of active particles, and 
of the initial concentration of these particles, affect the kinetic 
development of chain reactions. Analysis of the formulas 
obtained shows that this investigation has made possible the 
more precise statement of a number of principles in the theory of 
chain reactions that up till now have not been quite clear. Thus 
additional clarification has been made of the conditions of the 
“lower limit’’ of development of a chain reaction. Conditions 
have been indicated when a branching chain reaction in the 
course of its development may lead to a steady-state concentra- 
tion of active particles. 


Studies on the Thermodynamic Properties of Binary Metallic 
Systems by the EMF Method. V. The Copper-Bismuth Sys- 
tem, by A. V. Nikol’skaya, A. L. Lomov and Ya. I. Gerasimov, 
no. 5, pp. 1134-1139. 

Abstract: ‘The thermodynamic properties of the copper- 
bismuth system in the liquid state have been studied by the 
emf method. The emf of the concentration cell ~Cu,/CuCl, 
KCl-NaCl|(CuyBi-w)iiq* with the mole fraction of copper in 
the melts 0.063-0.710 has been measured over the temperature 
range 1150-1225 K. From the emf’s the activity coefficients of 
copper were calculated for 1150, 1175, 1200 and 1225 K. The 
following thermodynamic properties at 1200 K have been cal- 
culated for both components: Activity coefficients, partial and 
integral heats of mixing, and the excess entropy of mixing. The 
properties of the system are characterized by large positive 
deviations from Raoult’s law (y = 1.2-3.0). Copper-bismut!h 
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cal/g-at. The entropy of mixing is considerably larger than the 
ideal value AS.x- lying within the limits of 0.3-0.7 cal/deg g-at. 
Curves depicting the heats and entropies of mixing as functions of 
the composition of the melts exhibit segments with small changes 
in AH and particularly in AS,,.. These occur at mole fractions 
of Cu 0.3-0.7. It is suggested that the effect is associated with 
the microheterogeneous structure of the melts. 


Wetting of Refractory Oxides by Liquid Metals, by V. N. 
Eremenko and Yu. V. Naidich, no. 6, pp. 1238-1245. 

Abstract: It has been demonstrated that the wettability of 
oxides increases with electrical conductivity. A correlation has 
been found between the electrical conductivity and thermo- 
dynamic stability (heat of formation). The contact angle of 
liquid metal on the oxide surface has been calculated and com- 
pared with the experimental value. The study was carried out in 
a specially designed vacuum apparatus. 


Liquid-Vapor Equilibria in Three-Component Systems, by V. B. 
Kogan and V. M. Safronov, no. 6, pp. 1353-1359. 

‘bstract: A graphical-analytical method of calculating liquid- 
vapor equilibrium data in three-component systems from those 
for two-component systems has been proposed; it is based on 
the application of the equation 


1 
log — dX,’ = 


derived in a previous communication (Zhur. Fiz. Khim., vol. 32, 
1958, p. 1095). 


Electrical Conductivity of Silica Films on Glass, by A. Ya. 
Kuznetsov, no. 6, pp. 1374-1377. 

Abstract: The electrical conductivity of silica films on glass in 
a humid atmosphere is due to the adsorbed water in the film 
pores. Filling of the pores increases the conductivity of the 
water by one or two magnitudes, owing to the appearance of 
additional capillary superconductivity. In time cations diffuse 
into the film from the underlying layers of glass and the con- 
ductivity increases further. The diffusion processes eventually 
come to a stop, however, and the surface conductivity of the 
glass assumes a constant value for a given humidity and tem- 
perature. 


Thermodynamics of Superstates (Short Communication), by 
V. K. Semenchenko, no. 6, pp. 1440-1445. 

Abstract: Superconductivity and superfluidity of materials at 
low temperatures are considered as basically similar thermo- 
dynamic properties, arising from the existence of truly reversible 
processes with finite velocities. The possible existence of other 
superstates is discussed. 


Calculation of Ionization Potentials, by A. Ya. Lisyutin, no. 7, 
pp. 97-98. 

Summary: It is shown that out of the four empirical equations 
for calculating ionization potentials, considered by Nemtsev 
as independent in terms of independent parameters, three may 
be derived from the remaining one. This points to a functional 
interdependence of the parameters used by Nemtsev. 


The Effect of Intramolecular Interaction on Molecular Refraction, 
by N. N. Tyutyulkov, no. 7, pp. 98-99. 

Introduction: The refraction R of many organic molecules can 
be represented by the sum of the refractions R; of the individual 
bonds. In cases where deviations from additivity are observed, 
for example for molecules with conjugate bonds, it is necessary 
to introduce an increment AR specific to this deviation. In the 
present work the effect of the interaction of conjugate bonds of 
the refraction is investigated with the aid of an oscillatory model; 
for this purpose it is assumed that the interaction of the bonds 
can be approximately treated as the interaction of harmonic 
oscillators. A similar model was discussed from a somewhat 
different point of view in the work of Kuhn and in the mono- 
graph by Vol’kenshtein et al. 


The Variation of the Shape of the Electron Paramagnetic Res- 
onance Spectrum With Temperature in Peroxide-Type Radicals, 
by Yu. N. Molin and Yu. D. Tsvetkov, no. 7, pp. 102-104. 
Introduction: The electron paramagnetic resonance (EPR) 
spectrum of Teflon has been investigated. It was shown that 
under the action of oxygen the radicals weve) ae 
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melts are formed with the absorption of heat: AH max = 1600 


~CF,—CF—CFy" 


initially formed are changed into peroxide-type radicals 


| 
oCF,—CF—CFy~ [2] 


The electron paramagnetic resonance spectrum of radical [2] 
is an asymmetric line and has no hyperfine structure, whose 
absence is due to the fact that the unpaired electron is localized 
mainly on the oxygen atoms, the nuclei of which do not have a 
magnetic moment. 


SOVIET PHYSICS-JETP (Zhurnal Eksperimental, 
noi i Teoreticheskoi Fiziki). Published by Ameri- 
can Institute of Physics, Inc., N. Y. 


Reflection of Electromagnetic Waves From a Plasma Moving 
in Slow Wave Guides, by O. G. Zagorodnov, Ya. B. Fainberg 
and A. M. Egorov, vol. 11, no. 1, July 1960, pp. 4-5. 

Abstract: Electromagnetic wave reflections from a moving 
plasma were investigated experimentally. It was found that 
when the wave was greatly slowed down [(1/200)-(1/375)c] the 
double Doppler effect observed in reflection increased the fre- 
quency by 11-20 per cent. The measurements were carried out 
at 24.75 me/s. The slow wave structure was a helix. The 
possibility is indicated of using this effect to amplify microwaves 
and to multiply their frequencies, to improve the dynamic 
stability of the plasma, and to perform measurements in plasma. 


Electrical Conductivy of Dielectrics in Strong Shock Waves, by 
A. A. Brish, M. 8. Tarasov and V. A. Tsukerman, vol. 11, no. 1, 
July 1960, pp. 15-17. 

Abstract: The electrical conductivity of air, water and certain 
solid dielectrics subjected to strong shock waves has been meas- 
ured by an electrical contact method. The measured values of 
the specific conductivity in the shock front are as follows: Air, 
0.5 2-!cem~!; water, 0.27! em~!. At shock front pressures of 
approximately 1 X 108 kg/km? it is found that the electrical 
conductivity of Plexiglas or paraffin reaches 1 to 2 X 10? 27! 
cm~!, a value which approximates the conductivity of a metal. 


Influence of the Medium Density on Bremsstrahlung in Electron- 
Photon Showers in the Energy Range 10!!-10'* ev, by A. A. 
Varfolomeev, R. I. Gerasimova, I. I. Gurevich, L. A. Makar’ina, 
A.S. Romantseva and S. A. Chueva, vol. 11, no.1, July 1960, pp. 
23-32. 

Abstract: Fifteen electron-photon showers in the energy 
range 10!!-10!% ev recorded in emulsion stacks were examined. 
The energies of the primary y rays initiating the showers were 
determined by measuring the energy spectrum of cascade 
electrons at the depth of 2.5-3 radiation units, and from the 
screening effect on the first pairs. The energy spectrum of pairs 
produced at a depth of up to 1.5 radiation units was measured. 
The results are in agreement with calculations carried out 
taking into account the influence of multiple scattering and of the 
polarization of the medium on the bremsstrahlung of high 
energy electrons. 


Ultra-High Energy Extensive Air Showers, by A. T. Abrosimov, 
G. A. Bazilevskaya, V. I. Solov’eva and G. B. Khristiansen, vol. 
11, no. 1, July 1960, pp. 74-79. 

Abstract: Extensive air showers having from 5 X 10° to 108 
particles were investigated. Data are presented on the absolute 
shower intensity, the value spectrum exponent and on the lateral 
distributions of the electron-photon component and of the yu 
mesons of these showers. Data on the electron-photon com- 
ponent indicate either that there is no equilibrium between the 
electron-photon and the nuclear components in ultra-high 
energy showers in the lower layers of the atmosphere, or that the 
lateral distribution of the electrons on the periphery of the 
shower is determined not only by the coulomb scattering, but 
also by the particle angular divergence in the elementary nuclear 
cascade events. 


Comparison of Different Coordinate Conditions in Einstein’s 
Gravitation Theory, by V. A. Fock, vol. 11, no. 1, July 1960, pp. 
80-84. 

Abstract: In this paper it is shown that the first-order co- 
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ordinate conditions actually used by Einstein and Infeld in the 
problem of the motion of masses coincide with the harmonic ones 
and define a coordinate system in this order of approximation up 
to a Lorentz transformation. The difference between the 
Einstein-Infeld and the harmonic coordinate systems is character- 
ized by the order of smallness of admissible non-Lorentz trans- 
formations. These differences may be found explicitly. They 
are so small that they cannot affect the form of the equations of 
motion in the first post-Newtonian approximation. On the 
basis of the results obtained a criticism is given on the general 
attitude of Einstein and Infeld to the problem of coordinates. 


Space and Time Reflections in Relativistic Theory, by Yu. M. 
Shirokov, vol. 11, no. 1, July 1960, pp. 101-108. 

Abstract: A complete classification has been obtained for the 
representations of the inhomogeneous Lorentz group, including 
space reflections and time reflections of the Wigner type. The 
question of the values of the squares of the various reflection 
operations for particles of half-integral spin is investigated in 
detail. The results are compared with those which are obtained 
when additional requirements are imposed on the theory, in 
particular the requirement of locality of the field operators. It 
is shown that, in addition to mass, spin and parity, elementary 
particles have still another purely geometrical characteristic, 
which might be called the symmetry type. The question of the 
symmetry type for real particles is discussed. 


Some General Relations in Statistical Quantum Electrodynamics, 
by E. 8. Fradkin, vol. 11, no. 1, July 1960, pp. 114-116. 

Abstract: A number of general relations associated with the 
gage invariance of quantum electrodynamics are obtained. 


Possible Transmission of Electromagnetic Waves Through a 
Metal in a Strong Magnetic Field, by O. V. Konstantinov and 
V. I. Perel’, vol. 11, no. 1, July 1960, pp. 117-119. 

Abstract: It is shown that an electromagnetic wave propagating 
along a magnetic field can penetrate a metal plate perpendicular 
to the field if the Larmor frequency is higher than the frequency 
of the propagating wave and much higher than the collision 
frequency, and if the electron Larmor radius is smaller than the 
wave length in the metal. 


Damping of Oscillations of a Disk in Rotating Helium II, by 
Yu. G. Mamaladze and 8S. G. Matinyan, vol. 11, no. 1, July 1960, 
pp. 134-136. 

Abstract: The interaction of an oscillating disk with rotating 
helium IT isexamined. An expression is obtained for the torsional 
moment acting on the surface of the disk, taking into account the 
presence of vortex lines, mutual friction between the normal and 
superfluid components, and the possibility of sliding of the vortex 
lines along the solid surface. A calculation of the damping of 
oscillations, which neglects sliding and is in linear approximation 
with respect to the mutual friction coefficients, is in qualitative 
agreement with the experimental data. It seems that quantita- 
tive agreement can only be obtained if sliding is taken into 
account. 


Effect of Conductivity Anisotropy in a Magnetic Field on the 
Structure of a Shock Wave in Magnetogasdynamics, by S. A. 
Kaplan, vol. 11, no. 1, July 1960, p. 183. 


Isothermal Discontinuities in Magnetohydrodynamics, by V. I. 
Tseplyaev, vol. 11, no. 1, July 1960, pp. 185-186. 


Number of Extensive Atmospheric Showers of Cosmic Rays Near 
Sea Level, by S. I. Mishnev and S. I. Nikol’skii, vol. 11, no. 1, 
July 1960, pp. 186-187. 


Lateral Distribution Function of the Flux of Charged Particles in 
an Individual Extensive Atmospheric Shower, by S. N. Vernov, 
N. N. Goryunov, V. A. Dmitriev, G. V. Kulikov, Yu. A. Nechin 
and G. B. Khristiansen, vol. 11, no. 1, July 1960, pp. 215-216. 


Several Possible Applications for the Resonant Scattering of 
Gamma Rays, by I. Ya. Barit, M. I. Podgoretskii and F. L. 
Shapiro, vol. 11, no. 1, July 1960, pp. 218-219. 


_ vol. 2, no. 1, July 1960, pp. 55- 


On Gage Transformations in Quantum Electrodynamics, by 
Yu. A. Gol’fand, vol. 11, no. 1, July 1960, pp. 223-224. 


SOVIET PHYSICS-SOLID STATE (Fizika 
Tverdogo Tela). Published by American Institute 
of Physics, Inc., N. Y. 


The Relationship Between Excess Noise in Germanium and 
Surface Traps, by L. S. Sochava and D. N. Mirlin, vol. 2, no. 1, 
July 1960, pp. 18-20. 

Introduction: According to McWhorter, ‘excess’? noise in 
germanium is due to fluctuations in the extent to which surface 
traps are filled (‘‘slow states’). In order to explain the nois» 
spectrum, it is assumed that the relaxation time of the traps - 
is distributed according to a 1/7 law over a wide interval of time. 
This type of distribution function leads to the experimentall: 
observed excess-noise spectrum. This model is supported by the 
experimental data of Kingston and MeWhorter, who showed that 
the behavior of the field-effect frequency characteristics can be 
explained by the presence at the germanium surface of traps 
with relaxation times distributed in accordance with a lay 
close to 1/7 over a time interval from 10~* to 10? sec. In order 
to test the McWhorter model, we have compared the forms of the 
field effect frequency characteristics and the excess-noise spec- 
trum for the same specimens. 


Thermal Expansion of Germanium at Low Temperatures, b) 
S. I. Novikova, vol. 2, no. 1, July 1960, pp. 37-38. 

Introduction: The thermal expansion coefficient of silicon 
becomes negative at low temperatures. To elucidate the nature 
of this anomalous dependence of a on temperature, it would be 
desirable to know the behavior of the thermal expansion co- 
efficient in substances similar to silicon in their physical and 


200 240 260 300 J60T'® 


Fig. 1. The thermal expansion coefficient of germanium. Experimental 
values, 


crystallographic properties. Such a substance is germanium, 
which is a semiconductor crystallizing out with the diamond- 
type lattice. Measurements were carried out using a slightly 
improved form of a quartz dilatometer described earlier. The 
thermal expansion coefficient a was calculated directly from the 
experimental results; the temperature intervals in these measure- 
ments did not exceed 10 deg. 


Dispersion of Light in Germanium, by M. I. Kornfeld’, vol. 2, 
no. 1, July 1960, pp. 42-43. 

Introduction: The dependence of the refractive index of 
germanium on the light wave length was investigated by Briggs 
over the range from 1.8 to 2.64, and more accurately by Salz- 
berg and Villa in the region from 2 to 16y. In both cases, the 
measurements were made at room temperature. The present 
note gives the results of an investigation of light dispersion in 
germanium in the shorter wave region from 1.5 to 2.2u, over a 
wide temperature range from 80 to 460 K. 


The Voltage Sensitivity of Hall-EMF Probes, by V. V. Galavanov, 
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(Continued from page 832) 

The increase in the slope of each axial wall temperature 
distribution is probably due to the increase in resistivity 
with temperature (the resistivity at 4000 R is twice that at 
2000 R). The large axial temperature gradients at the 
entrance and exit of the test section are the result of conduc- 
tion losses to the connecting flanges, mixing tanks and elec- 
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‘The average friction coefficients for both the adiabatic and 
heated runs are shown in Figs. 5 and 6. The line representing 
the K4rmé4n-Nikuradse relation between friction coefficient 
and Reynolds number for turbulent flow 


Friction Coefficients 


and the laminar flow line 


are included for comparison. 

For Reynolds numbers above 6000, the average friction 
coefficients for adiabatic flow are in very good agreement with 
the turbulent flow line. In the lower Reynolds number | 
region the coefficients drop off and approach the laminar 
flow line, as would be expected in the transition region. 
The extension of the transition region to a Reynolds number — 
of 6000 was due to the effect of the bellmouth entrance. 
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Fig. 4 Representative outside wall temperature distribution 
for various amounts of heat input to helium. Tungsten tube; 
length-diameter ratio, 92 a 
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The average friction coefficients with the density evaluated 
at bulk temperature (Eq. [2]) are shown in Fig. 5. The 
data from the present investigation are in fair agreement with 
the predicted line for the higher Reynolds number range. 

In (1 and 7) it is indicated that average friction coefficients 
are best correlated with density evaluated at the film tem- 
perature and with a modified Reynolds number based on film 
temperature. Data from the present investigation and (7) 
are shown evaluated in this manner in Fig. 6. The friction 
coefficients are somewhat higher than the K4rmén-Nikuradse 
line, but good agreement exists with the data of (7). 


Heat Transfer Coefficients 


The results of (1) indicate that the average Nusselt number 
for various ratios of surface to bulk temperature and length 
to diameter is best represented by 


harD 
ky 

where all the physical properties and the density are evaluated 

at the film temperature, and the modified Reynolds number is 


used, 
An alternative method of correcting for the effect of the 
length to diameter ratio is the use of the following equation 


-0.7 
= 0.021 E + ] [9] 
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. 5 Correlation of average friction coefficients. Viscosity 
and density evaluated at bulk temperature 7, — ‘ 
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Fig. 6 Correlation of average friction coefficients. 
2 and density evaluated at film temperature 7’; 
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where the use of [1 + (L/D)~-’] in place of (L/D)~-', 
and the corresponding difference in constants, makes the 
relation more general, since it is applicable to all length- 
diameter ratios. The data of the present investigation with 
the properties evaluated at the film temperature are shown 
in Fig. 7 as a function of modified Reynolds number. For 
Reynolds numbers less than 10,000 the present data are in 
poor agreement with Equation [9]. Above a Reynolds 
number of 10,000 the data agree to within 10 per cent. 

For the limited range of Reynolds number in this investiga- 
tion, the average heat transfer data seem to be correlated 
better by evaluating the physical properties and density at the 
surface temperature. The results are shown in Fig. 8. 
Experimental data from (1) using air and a platinum test 
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Fig. 7 Correlation of average heat transfer coefficients with 
variable heat flux. Properties of helium evaluated at film 
temperature 7’, 
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Fig. 8 ‘Correlation of average heat transfer coefficients with 
variable heat flux. Properties of helium evaluated at surface 
temperature 7’, 
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section at average tube surface temperatures from 980 to 
3050 R are shown in both Figs. 7 and 8. 

Since there could be some question as to the significance of 
average heat transfer coefficients when the heat flux varies 
as much as is indicated by the axial wall temperature dis- 
tributions shown in Fig. 4, it seemed desirable to calculat: 
local heat transfer coefficients. Ratios of local surface tem- 
perature to local bulk temperatures were considerably higher 
than ratios of the averages of these temperatures. Loca! 
heat transfer data are shown in Fig. 9, where the film Nusselt 
number is plotted as a function of modified Reynolds number. 
The data are in fair agreement with the line represented b\ 
the equation 

Nu, = hD/k; = 0.021 Re*Prf-* 

The same data, shown in Fig. 10 with the physical propertics 
and density evaluated at the surface temperature 7’, fail 
higher than the predicted line. However, the spread of the 
data is decreased from about 38 per cent in Fig. 9 to about 25 
per cent in Fig. 10. Heat transfer coefficients for the fir-t 
two increments and the last increment were not used because 
of entrance effects and the large end losses. 


Appendix: Method of Optical Pyrometry 


As mentioned previously, the temperatures above approxi- 
mately 3500 R were measured with an optical pyrometer. 
Since the insulated test section did not approximate a black 
body, it was necessary to correct the temperature readings 
of the pyrometer. 

A relation between the true temperature of an object and 
the brightness temperature indicated by the optical pyrom- 
eter can be obtained from Wien’s formula for black-body 
radiation 


where 


Jw = rate of emission of radiant energy at wave length 
\ from a black body at temperature 7’, 
C,, Cz = radiation constants 


[A-1] 


The same formula can be applied to a non-black body at true 


- temperature 7’, and can be written 


Jue = aC = CA —C2/ AT or [A-2] 


where 77, is the brightness temperature. 
The ratio of Jt, to J» is defined as the spectral emissivity 
e, of the non-black body under consideration, as follows 


J, OAN —5e —C2/dT br 


Therefore 
AT,, + dX (7 x) [A-4} 


The interposition of a view window between the heated 
object and the optical pyrometer necessitates a modification 
of Equation [A-4] to include the spectral transmissivity 7, 
of the window. The spectral transmissivity is defined as the 
ratio of the transmitted radiant energy to the incident radiant 
energy for a given wave length 


—5p—C2/ATr 
J; Civ [A-5) 


or 
where 
T. = temperature of a heated body measured with tlie 
optical pyrometer with the window interposed 
Ty optical pyrometer brightness temperature measured 


ss under the same conditions with the exception 
that no window is interposed 
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Both measurements would be made while the black-body Nomenclature 
temperature remained constant. Equation [A-5] can also be a } 
expressed as = specific heat of helium at constant pressure, Btu/(Ib) (R) 
= inside diameter of test section, ft 
Cos 1 1 = mass flow per unit cross-sectional area, lb/hr (ft?) 
= x) = acceleration due to gravity, 4.17 108 ft/hr? 
x = heat transfer coefficient 
= thermal conductivity of helium, Btu/(hr) (ft?) (R/ft) 
‘diisis ae [A-6] for Ty gives = heat transfer length of test section, ft as 
= Nusselt number, hD/k 
Ty = + GAT = Prandtl number, cpy/k 
and substituting this expression for 7, into Equation [A-4] test section, lb/ft? 
oad aly = Qe = rate of electrical heat input to test section, Btu/hr 
C./1 1 gas constant for helium, 386 ft-lb/(Ib) (R) 
which can be written 
Ts/Tp 
T = [A-9] = 
In (€,7,) C2/AT, o 1.8 2 6 
This expression can be used to calculate the actual tempera- oe . pA 
ture of a heated body if the spectral emissivity of the heated v7 21 gq 2.9 
body and the transmissivity of the window 7, are known, 32 
and the temperature 7’, is measured with an optical pyrometer. = 

The transmissivity of a view window can be determined 
very easily experimentally by measuring the temperature = baie 
of a calibration lamp both with and without the window | 
interposed and by inserting these values into Equation 
[A-6]. 

There are values of spectral emissivity for tungsten and 
molybdenum in the literature, but these values are for flat 
polished specimens with all radiation originating from the - 
specimen. These conditions are not very closely approxi- 
mated by most heat transfer test sections; for example, the test p 
sections used in the present investigation were circular tubes 
whose surfaces did not remain polished because of grain | 
growth and a small amount of oxidation; some of the radiation _ 4 
incident to the optical pyrometer was emitted and reflected hD p,VD 
from the hot radiation shield. Asa matter of fact,itismore = an 0.021 ( m1 ) ( k } T 
correct to say that it is the spectral emittance that is of f f f 
interest. The method of determining this emittance was to 
measure the temperature of the test section with an optical  —__ O° o* 5 
pyrometer and thermocouple simultaneously, and then insert _ 10 
the values into [A-8] to obtain a value for In (e,7,). eS ae MODIFIED REYNOLDS NO., Re, 

This value could be used to compute «, since 7, Fig. 9 Correlation of local heat transfer coefficients with 
had been previously determined. The values of ¢, could be variable heat flux. Properties of helium evaluated at film 
plotted as a function of temperature up to the point where temperature T,; 
the thermocouples failed (about 3500 R) and then extrapo- As 
lated to the higher temperatures. With these values of 
¢, and r,, Equation [A-9] could be used to determine the true acre 
wall temperature with the optical pyrometer. 0 

The values for spectral emittance might have been in error, = 6.021 
especially in the extrapolated region. The effect of an error oe Bs Ks Yo 
in emittance on the test section wall temperature calculated + 

: by Equation [A-9] is shown in Table 4. From this table it a icine 
can be seen that fairly large errors in spectral emittance do .. T./Tp | 
not seem to affect the wall temperature appreciably. 19 | 
3 O19 427 
2 420 028 
V7 2.1 0 29 
P22 D 3.2 
Table 4 Effect of error in emittance on calculated test 7 = d25 G3a 
} ‘section wall temperature 724° as? 
Measured Spectral Calculated true 
temperature emittance temperature 5 
> R Too, R 10 10 10 
0.5 6030 MODIFIED REYNOLDS NO., Res 
3400 a 0. 6 5870 Fig. 10 Correlation of local heat transfer coefficients with 
5460 5740 variable heat flux. Properties of helium evaluated i surface 
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Re = Reynolds number, pVD/p 
S = heat transfer area of test section, ft? 
T = total or stagnation temperature, R 
t = static temperature 
V = bulk velocity of gas, ft/hr 
w = helium flow, lb/hr 
x = distance from entrance of test section, ft ; 
= absolute viscosity of helium, Ib/(hr) (ft) 
p = density of helium, lb/ft* 
Subscripts cars 
b = bulk (when applied to properties, indicates evaluation 
at average bulk temperature 73) 


f = film (when applied to properties, indicates evaluation at 
average film temperature T's) 
8 = surface (when applied to properties, indicates evaluation 
at average surface temperature 73) 
= test section entrance 


2 = test section exit 
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This paper considers the re of recovering, at a preselected site, satellites that are orbiting 
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close to Earth (i.e., within a few hundred miles of Earth’s surface). Considerations are limited to 
vehicles which accomplish re-entry into the atmosphere with drag devices. The discussion centers 
on two possible means of effecting controlled recovery of satellites: Recovery accomplished by a 


forces can be applied. 


NY MEANS of recovering a satellite at a desired location 

on Earth’s surface must necessarily involve a perturba- 

tion of the original orbit. This part of the problem is in many 
ways similar to the general problem of transfer between orbits 
which has received considerable attention in the literature 
(1-6).4 Both Hohmann (1) and Lawden (2) have shown that 
the optimum way to transfer between elliptical orbits is by 
means of impulsive forces which are applied at departure from 
one orbit and at arrival at the other. Such a procedure can 
be followed in practice by using chemical rockets; however, 
the weight penalties associated with this maneuver become 
large except for fairly small orbital changes. For this reason 
attention has also been given to the problem of orbital trans- 
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single perturbation of the satellite orbit as may be done with a single solid fuel retrograde rocket; 
and recovery accomplished by continuous application of a small force of controllable magnitude as 
may be done by varying the drag area of the vehicle provided it is orbiting in the outer fringes of the 
atmosphere. These two cases may be considered as extremes in the way in which the perturbing 
The “intermediate”’ case of a controlled recovery by a series of impulsive 
forces (e.g., by a number of small retrorockets) is not considered. 


fers by use of low thrust rocket motors (e.g., ion rockets) which 
operate continuously. Such analyses have been given by 
Stuhlinger (4) and by Irving and Blum (5). Another possible 
way of transferring between orbits is by the use of multiple 
impulses at a thrust level intermediate between that obtain- 
able by chemical rockets and by continuous ion propulsion. 
An analysis of this approach has been made by Camac (6). 

Similar considerations apply to the perturbation of satellite 
orbits in order to initiate controlled recovery. However, very 
little appears to have been written on the recovery of satellites 
even for what we might call the “classical’’ maneuver of using 
impulsive forces to transfer orbits. Hakes (7) has discussed 
recovery from a particular orbit by this method but did not 
generalize his results. In considering guidance problems of 
space vehicles, Wheelon (8) has developed a fairly general re- 
sult for landing accuracy as a function of rocket impulse and 
alignment errors, for the case of recovery of satellites from 
circular orbits using a single impulse. However, no general 
analysis of the use of retrograde chemical rockets for the con- 
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trolled recovery of satellites appears to be in the literature. 
Other possibilities for controlled recovery, such as the use of 
multiple impulses as a means of control or the continuous ap- 
plication of force by a low thrust rocket motor or by atmos- 
pheric drag, have apparently received no attention at all. 

In this paper we will consider the recovery of satellites from 
nearby orbits and show that, even without considering atmos- 
pheric effects, the special nature of the recovery problem 
leads to conclusions which are not included in the available 
analyses of transfer between orbits. in order to simplify 
consideration of the strong interaction with the atmosphere 
which occurs late in the recovery trajectory, our discussion 
will be limited to the problem of recovering nonlifting satellites. 
This problem is of current interest, since it is now generally 
recognized that the first satellites to be recovered will be of 
this type. Certainly this is the case for the NASA manned 
satellite Project Mercury, some details of which were made 
public last fall. We shall discuss some possible means of re- 
covering drag vehicles at a desired recovery site, and point out 
some of the problems encountered in such controlled recovery. 

In particular, analyses will be made of the retrograde rocket 
and drag modulation methods of recovery. In the usual con- 
cept the retrorocket achieves the perturbation of the satellite 
orbit in one short impulse producing a sudden change in the 
velocity and hence in the orbital path of the vehicle. In the 
drag modulation method, on the other hand, the velocity is 
perturbed over a long period of time by the continuous appli- 
cation of small forces. The variable drag approach is thus 
equivalent to a long burning retrorocket with a low level, con- 
trollable thrust. Alternatively, it is approximately equiva- 
lent to a large number of small retrorockets that can be fired 
at will over the whole recovery period. Neither of these retro- 
rocket systems appears at present to be as practical as a vari- 
able drag surface, hence the choice of the terminology “drag 
modulation method.” In the sense of this discussion the two 
approaches which are to be analyzed represent opposite ex- 
tremes in the means of perturbing a satellite orbit to initiate 
recovery, and for this reason a comparative analysis is of 
interest. Each of these methods of recovery has certain in- 
herent limitations. The retrorocket recovery system gets 
prohibitively heavy if the perigee altitude of the original orbit 
gets as large as 1000 miles. The drag recovery scheme is even 
more severely limited to an altitude range of about 80-140 
miles. Nevertheless, there are many current satellite projects 
to which one or both methods could be applied. 

There are other practical limitations, such as those imposed 
by the state of development of gyros and accelerometers 
which directly influence the attainable guidance and control 
accuracies. These are not discussed in any fine detail. In- 
stead, the discussion is kept on general terms using the practi- 
cal limitations of specific systems only as guide lines. 
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General Remarks 


Conceptually speaking, one of the simplest ways to recover 
a satellite from orbit is to perturb the orbit slightly using a 
small chemical rocket. It should be realized, of course, that 
because of the tremendous energy possessed by the satellite it 
is difficult to perturb the orbit greatly without investing a large 
part of the satellite weight in rocket fuel. If one remembers 
that the weight of rocket needed to launch a satellite is at 
present between 100 and 1000 times the weight of the satellite 
itself, then it is clear that a retrorocket which comprises only a 
few per cent of the satellite weight can effect only a very small 
perturbation upon the orbit. Nevertheless, for satellites that 
are flown near to Earth (i.e., within a few hundred miles of 
Earth’s surface), it is practical from a weight viewpoint not 
only to induce the re-entry of the satellite by means of a retro- 
rocket, but also to control its landing point to a reasonable de- 
gree of accuracy. 
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It is useful for the discussion here to look upon recovery and 
landing point control as two separate requirements. In this 
sense, recovery may be defined as a means of causing the orbit 
to interesect the atmosphere so that the vehicle will decelerate 
and drop to Earth’s surface. Landing point control, on the 
other hand, is a means of causing the final deceleration to be 
accomplished at a desired location with an acceptable accu- 
racy. 

For a retrorocket system, recovery is accomplished with the 
smallest possible rocket if the rocket is fired forward in the 
flight direction as the satellite passes through apogee. Such a 
retrorocket firing causes the perigee to drop in altitude. With 
a sufficiently large rocket, the new perigee can be made to occur 
within the atmosphere so that on its next pass the satellite 
will re-enter the atmosphere and be decelerated. The relative 
weight of the rockets required to accomplish such a maneuver 
is well known, and it is generally recognized that the optimum 
way to execute this maneuver is to apply the perturbing force 
as a tangential impulse at apogee. The point of this present 
discussion is that, although such a maneuver may be satis- 
factory for recovery and require a minimum weight penalty of 
rockets, it does not effect satisfactory landing point control. 
The reason for this is fairly obvious. Since the local flight path 
angle is nearly horizontal when the vehicle is close to perigee, 
the slightest error in the resultant altitude of the satellite or a 
perturbation in the density of the upper atmosphere will cause 
a very large landing position error. In order to control the 
landing point accurately, it is desirable to have the perturbed 
orbit intersect the atmosphere at as large an angle as possible 
(9). A better way to accomplish this with minimum rocket 
weight is to fire the rocket at apogee, as discussed before, but 
to cause the perturbed ellipse to intersect the sensible atmos- 
phere about one quarter of an orbit later rather than one half 
orbit later as suggested previously. In this way better landing 
point control can be obtained, but the retrorocket weight is 
roughly twice the minimum weight that is required to accom- 
plish recovery alone. 

The second point of general interest is the accuracy in total 
impulse and in firing direction which the retrorocket must 
meet to satisfy a given landing accuracy requirement. There 
is a requirement that the satellite position be known within a 
certain accuracy in space and in time if the vehicle is to be 
landed accurately. A complete analysis of rocket accuracy 
requirements can clearly be very complex, since they depend 
on the initial orbital altitude and eccentricity as well as on the 
total rocket impulse and the angle relative to the flight path at 
which the rocket is fired. We have not attempted a complete 
analysis of this problem in this paper but have confined our 
attention to what appear to be the most interesting results. 


Rocket Weight Requirements 

For this discussion consider the coordinate system shown in 
Fig. 1. The notation which will be used in the following dis- 
cussions is shown graphically in this figure. 

It is interesting at the outset to examine simply some gen- 
eral retrorocket weight requirements. As was noted, the 
problem of orbit transfer based on impulsive forces has re- 
ceived considerable attention in the past, and some basic re- 
sults are repeated here. A general result for the retrorocket 
size requirements for orbit transfer in a vacuum is given in 
Fig. 2. Here the relative velocity decrement is plotted against 
the relative change in perigee altitude for an impulse applied 
tangentially at apogee. The results were obtained by a line- 
arized perturbation theory, which is valid for the near Earth 
satellite orbits that are considered in this paper. The relative 
change in velocity is related approximately to the retrorocket 
weight through the specific impulse by the formula 
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Wr = weight of rocket fuel 
W, = initial total weight of vehicle 


I.» = specific impulse 


The increasing cost of using chemical retrorockets for re- 
turning from deeper space penetrations can be seen from Fig. 
2. For orbits with perigees at altitudes of about one half an 
Earth radius (i.e., for recovery, ARp/Re = 2000/6000 = 0.33), 
the retrorocket weight requirements become very severe (i.e., 
for a specific impulse of 250 sec, We/W: ~ 30 per cent). The 
effect of course is a strong function of specific impulse, thus 
pointing to the importance of the high values of this parameter 
that may be achieved by employment of advanced space pro- 
pulsion techniques. 

Although these results give the minimum rocket weight 
necessary for recovering a satellite, a controlled recovery on 
Earth imposes additional conditions not necessarily met by 
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these minimum retrorockets. A better idea of the require- 
ments can be obtained by looking in greater detail at the flight 
conditions as the satellite begins to re-enter the atmosphere 
close to Earth. Fig. 3 shows the retrorocket weight require- 
ments as a percentage of the vehicle weight for recovery from 
circular orbit at an altitude of 100, 200 and 300 nautica! 
miles. The weight requirements are based on the rocket: 
being fired tangentially to the flight path with an /7,, = 
250 sec. Hence after the retrorocket impulse the satellite is at 
apogee of an elliptic orbit which then passes through the re 
entry point (h = 50 nautical miles) at the range indicated. 

We note that the results given in Fig. 3 which correspond t: 
recovery at a range of 180 deg give the lowest retrorocke 
weight for any particular initial altitude. However, we alsv 
note the resultant re-entry angles are very small. It will b 
shown that these small retrorockets and re-entry angles ar 
not acceptable for a controlled satellite recovery. At smalle 
ranges the increasing trend of retrorocket weight with re-entr 
angle is clearly seen. The cases of re-entry at very smai! 
ranges can generally be ruled out either because of the larg: 
weight penalty of the retrorockets or, if the payload is fragil 
the large decelerations associated with large re-entry angles. 
In general, however, if the retrorocket weight is limited to 
about 10 per cent of the initial weight, then the re-entry ang]: 
will be limited to less than about 5 deg for recovery from near- 
by satellite orbits. 

It should be noted that a retrorocket system requires, i 
addition to the retrorocket itself, an orientation system whic! 
will locate the direction in which the rocket must be fired and 
an attitude control system to hold the vehicle steady while 
the rocket is firing. Hence retrorocket weight is only one of 
the criteria for the design of a satellite recovery system. It is of 
interest also to examine the accuracy requirements on the 
orientation and attitude control system, since these criteria 
will largely determine the weight and complexity of these 
subsystems. 
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_ Fig. 3. Retrorocket weight requirements for satellite recovery. 
_ The weight requirements are based on recovery from a circular 
orbit with retrorockets, having an /,, = 250 sec, fired tangentially 
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Accuracy Requirements 


When considering an accurately controlled satellite recovery 
the important considerations are the range sensitivity to errors 
produced in the operation of the retrorocket system and the 
accuracy with which the satellite’s position in space is known 
when the retrorockets are fired. 

Uncertainties of the satellite’s position along its orbit can 
be treated separately, since they are related directly to range 
errors. For nearly circular orbits this can be interpreted in 
terms of a timing error in firing the retrorockets. Thus a 
timing error of 1 see corresponds to a range error of approxi- 
mately 5 miles at the landing point. These errors should not 
impose severe limitations on the recovery system. 

The range sensitivity to the other variables can be evalu- 
ated from the relation between 8B, AV, h and y given by orbit 
mechanics. Wheelon (8) has derived such a relation for re- 
covery from a circular orbit and it is given here for reference. 
(See Fig. 1 for notation.) 


bined with the results of Fig. 3 shows that for controlled 
satellite recovery the retrorocket weight must be larger than 
that given by the simple orbit transfer results shown in Fig. 2. 
In addition, range becomes sensitive to atmospheric variations 
at small re-entry angles. Detailed trajectory calculations 
indicate vacuum trajectories down to 50-nautical miles alti- 
tude are acceptable for re-entry angles of more than 1 deg, 
and further, provided the desired landing acccuracy is of the 
order of + 100 nautical miles, then range errors incurred in 
the atmosphere below 50 nautical miles may be neglected for 
nonlifting vehicles. If a landing accuracy of the order of 
+10 nautical miles is required, then atmospheric effects must 
be considered more carefully. 

Fig. 4 also shows that for a fixed sensitivity increased orbital 
altitudes require larger re-entry angles. In order to obtain 
these larger re-entry angles, larger retrorocket weights are 
needed. On the other hand, these larger re-entry angles pre- 
sent a problem for fragile payloads. It is well known that the 


/2 
2 (1 +5 cos) + tan ysin — [ + 4(1 cos 6 + tan vsing) | 
} 2 (1+ 5 cose + tan y sina) 


Implicit differentiation of this equation yields the error co- 
efficients which are used to evaluate the range sensitivity to 
errors in the retrorocket system operation. 

Fig. 4 shows the range sensitivity at the re-entry point to 
velocity errors as a function of the retrorocket weight for the 
‘ase of retrorockets fired tangentially to the flight path (i.e., 
y = Odeg). The curves asymptote vertically to the values 
of rocket weight given in Fig. 3 for a range of 180 deg. We 
note first that very small re-entry angles and the corresponding 
low weight retrorockets are not acceptable because of the high 
sensitivity of the range to velocity errors. This result com- 
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Fig. 4 Range sensitivity at the re-entry point to velocity errors. 
The sensitivities are given for recovery from circular orbits by 
retrorockets fired tangentially to the flight path (i.e., y = 0). 


The rocket weight is based on an /,, = 250 sec 


re-entry deceleration increases sharply as the re-entry angle 
gets larger than 2 or 3 deg [e.g., Hakes (7)]. Human 
limitations to accelerations suggest the re-entry angle for 
manned drag vehicles should be limited to 3 deg or less. Thus 
it would appear that increased range sensitivity to velocity 
errors must be accepted if a satellite recovery with limited re- 
entry decelerations is to be made from the higher orbital 
altitudes under discussion. Of course, one solution to this 
problem is to use orbit transfer techniques to get to a lower 
orbital altitude while outside the atmosphere and then re- 
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Fig. 5 Range sensitivity at the re-entry point to altitude errors. 

The range sensitivity is defined for recovery from circular orbits 

by retrorockets having an /,, = 250 sec fired tangentially to the 
flight path 
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enter Earth’s atmosphere from this low altitude orbit. 

In Fig. 5 the range sensitivity at the re-entry point to alti- 
tude errors is shown as a function of retrorocket weight. The 
results shown here are based on the same conditions as used 
for Fig. 4—the recovery from a circular orbit is initiated by 
retrorockets (Isp = 250 sec) fired tangentially (y = 0 deg) to 
the flight path. 

We see here, as in the previous case, that very small re- 
entry angles are not acceptable for a controlled satellite re- 
covery because of the large range sensitivity to altitude un- 
certainties. In general, the orbit altitude must be known 
very accurately to get even reasonable landing accuracy ex- 
cept at very large retrorocket weight. The problem be- 
comes more severe as the re-entry angle is limited to smaller 
values because of re-entry deceleration loads. As in the pre- 
vious case, the curves approach asymptotically the minimum 
retrorocket weight for a range of 180 deg while the sensitivity 
approaches infinity. 

Notice also that the range sensitivity varies very little at 
constant re-entry angle. Therefore a useful rule of thumb for 
retrorocket satellite recovery from circular orbits is that the 
range sensitivity to altitude errors is a function of the re-entry 
angle only. 

Fig. 6 shows the range sensitivity to retrorocket impulse 
orientation errors as a function of retrorocket weight. The 
retrorocket weight is based on recovery from a circular orbit 
(A = 300 nautical miles) and an J,7 of 250 sec. The results 
shown in the figure are generally not considered in the usual 
orbit transfer problems. 

We note first that the minimum retrorocket weight for a 
given range occurs at an impulse orientation angle different 
from zero (y # 0) except for a range of 180 deg which is the 
“classical’’ result (i.e., 8 = 180 deg, y = 0). Secondly, the 
range sensitivity is zero at this minimum rocket weight for 
any given range. It is clear then that retrorocket recovery 
systems which are designed for the optimum impulse orienta- 
tion angle will simultaneously minimize the rocket weight 
requirements and the range sensitivity to impulse orientation 


errors. 
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Fig. 6 Range sensitivity to impulse orientation errors. The re- 
sults are given for recovery from a 300-nautical mile altitude 
circular orbit with retrorockets having an J,, = 250 sec 
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To avoid large rocket weights practical retrorocket satellite 
recovery systems will probably be designed for a re-entry 
range of about 90 deg. Although at this range there is not 
much weight saved by using the optimum value of 7, an im- 
pulse orientation angle different from zero (y ~ 24 deg) may 
be advantageous to minimize the range sensitivity to orienta 
tion errors. 

To summarize these results, consider a practical retrorocket 
system operating in an exactly circular orbit at an altitude of 
100 nautical miles. Let us say the desired range is 90 deg anc 
the required landing accuracy +100 nautical miles. Consid 
ering the case of tangentially fired retrorockets (y = deg) anc! 
considering each error separately, the following control re- 
quirements are established 


6(AV)/AV = +11 per cent 
Bola 6h = +1.4 nautical miles | 
= +3.3 deg i 


Combined into a system having an accuracy of +100 nauti 
cal miles, these maximum allowable errors would be reduce! 
by a factor of V3. As noted, the range error due to dy could 
be reduced significantly by designing th = 24 
deg. 


Variable Drag Recovery 
General Remarks 


In the previous section we discussed the recovery of satel- 
lites by perturbing the orbit with a single impulse. It is clear 


- that although this method may be suitable for some applica- 


tions, it is difficult to get a high degree of landing accuracy 
without an excessive weight penalty in rocket fuel. One 
might well ask, instead of using a single retrorocket, would it 
not be better if the retardation forces were applied in a series 
of impulses. As a limit of such a process one could consider 
continuously applying a small retardation force in order to 
cause a controllea landing at a selected point. This, in fact, 
may be done in practice with a vehicle that has a variable drag 
area. It is not the purpose of this paper to discuss how such a 
vehicle might be constructed, but simply to show that variable 
drag is conceivably a useful means of effecting controlled re- 
covery of satellites. 

It is certainly clear that a variable drag device must operate 
in the outer fringes of the atmosphere. For the present dis- 
cussion we will consider a satellite that is flying in the altitude 
range of 80 to 140 miles. Lifetimes of satellites that do not 
exceed this range of altitudes may be from a few hours up to 
possibly a week or more. Flights beyond this altitude range 
utilizing variable drag control devices will not be considered 
here. It should be noted, however, that this altitude range is 
of itself interesting for some specialized satellite flights. For 
example, the NASA Mercury project will fly in this area. 

There are two basic ideas that are needed in order to under- 
stand the variable drag landing point control system. The 
first of these is that to a first approximation, the lifetime of a 
satellite is proportional to its drag. This approximation 
breaks down near the end of the satellite’s life, but it is still 
true that its lifetime can be controlled up to the very last 
moment by variation of its drag. The second point is that in 
flying nearly circular orbits in the specified altitude range, 
the orbital period is essentially independent of the exact orbi- 
tal path. Hence the vehicle can be located along its track over 
Earth with great accuracy by simply a measurement of the 
time. Of course a reference time is required, but this may be 
supplied either at launch or subsequently by communicating 
a timing signal as the satellite crosses a given line of longitude. 
The basis of the variable drag recovery system is, therefore, to 
control the rate of descent of the satellite by varying the drag 
area and to do this with reference to a timing signal which 
continuously locates the satellite relative to its desired landing 
point. 
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Fig. 7a Range control for variable drag recovery from a circular 
orbit. Nominal ballistic drag parameter W/C,)A = 7 Ib/ft?. 
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Control Capabilities 


The total variation in drag area that is required will de- 
pend on the specific purpose of the satellite that is to be flown. 
l'rom practical considerations, it would seem that a drag varia- 
tion of a factor of between 5 and 50 would be useful. To illus- 
trate the control capability, Figs. 7 show the change in land- 
ing position that is possible for a satellite that can vary its 
drag by a factor of 20. The figures show the nominal landing 
trajectory which the satellite follows if the drag is held con- 
stant at a position midway between the maximum and mini- 
mum drag configuration. The nominal drag is taken as the 
geometric mean of the maximum and minimum drags. At 
various points along this nominal trajectory flight paths have 
been computed which resulted from either suddenly increasing 


minimum value. These paths are also shown in the figures 
In the computation that is plotted, the nominal ballistic drag 
parameter was 7 lb per ft? and the range of variation was by a 


factor of “20 above and below the nominal. The distance 
between the landing positions of the maximum drag and the > 
minimum drag curves which start from the same point on the 
nominal trajectory represents the maximum landing point 
control that is available at this point. Curves are shown for a 
nominal re-entry from both circular and slightly elliptic orbits. 
A visual comparison shows that small ellipticities do not 
strongly affect the landing point control that is possible. 

The control capabilities of this type of system are shown 
more generally in Fig. 8. Here the ratio of the control range 
to the nominal range is plotted against the nominal range for 
various drag variations about this nominal. This computa- 
tion was done for values of the nominal ballistic drag param- 
eter W/CpA of 7 and of 70 lb per ft?, using an atmospheric 
model based on recent satellite and rocket data. The results 
were essentially independent of the nominal value of W/CpA. 
Hence Fig. 8 may be considered valid for the interesting prac- 
tical range of drag values for either instrumented or biological 
satellites. 

Fig. 8 was plotted for recovery from purely circular orbits. 
The effect of ellipticity is shown in Fig. 9 which isa replot Fig. 
8 fora nominal W/CpA = 7 and a drag ratio of 20 but within 
various orbit ellipticities. The ellipticities that were chosen 
are consistent with the restriction of flying in the altitude 
range of 80 to 140 miles. It can be seen from Fig. 9 that such 
ellipticity introduces a perturbation on the effective control 
range but does not seriously degrade the control possibility. 

It may be concluded from this discussion that the pos- 
sibility of accurately controlling a satellite recovery by 
modulating the drag does exist. rt 


the drag to its maximum value or suddenly decreasing it to =i 
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Fig. 9 Effect of ellipticity on range control for a total drag ratio 
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Fig. 7b Range control for variable drag recovery from an elliptic 
orbit. Eccentricity, « = 10-*. Same drag value as in Fig. 7a 
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Fig. 8 Ratio of the range control A, to the nominal range By 
as a function of the nominal range, for the total drag variations 
of a factor of 20 and of 50 
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of 20, and different values of eccentricity «. The « = 0 curve is 
from 8 


The problem of recovering a satellite from a near Earth 
orbit with a single retroroc ket impulse has been 
and some of the gross limitations in weight and accuracy 
requirements pointed out. It appears that the single retro- 
rocket recovery method has certain inherent accuracy limita- 
tions unless one accepts large rocket weight penalties. 

A brief examination of the possibility of recovering a satel- 
lite by modulating the drag has indicated that the basic 
capability of controlling the landing point in this manner does 
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exist. This analysis was subject to the restriction that the 
satellite fly in a nearly circular orbit in the outer fringes of 
the atmosphere. 

These results indicate that recovery methods better than 
the single retrorocket impulse will soon be needed, and that 
such better methods may well be found by a continuous appli- 
cation of the retarding force as in the drag modulation method, 
or perhaps by a series of small rocket impulses, or by a com- 
bination of these methods. 
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Technical Notes 


Escape in the Equatorial Plane of an 7 
Oblate Planet 


MAURICE L. ANTHONY! and GEORGE E. FOSDICK? 
The Martin Co., Denver, Colo. 


ECENT investigations of planetary transfer have re- 

vealed that a ballistic transfer puts severe limitations 

on the burnout parameters. This note investigates the in- 

fluence of oblateness on the escape path of a vehicle moving 

in the equatorial plane of a planet, and presents some numeri- 
cal results pertinent to the case of Earth. 

Fig. 1 indicates qualitatively the changes in an equatorial 
plane path brought about by oblateness (exaggerated for 
clarity). The speed at infinity V., the distance to the 
asymptote p and the asymptotic direction ¢,, are the items 
of interest. As indicated by the figure, planetary oblateness 
tends to reduce the speed at infinity, increase the distance to 
the asymptote, and increase the angle ¢.,. A quantitative 
discussion of these items follows. 


Speed at Infinity 


The speed at infinity may be found from the energy equa- 
tion, where the potential U, givenin (1)?is 


U = E + [1] 
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Comparison of initial energy with the energy at infinity 


yields 

2 
= E + J (2) ] [2] 
To 3 \r 

By introducing the parameters V., 7 and c in the following way 

@ 


Equation [2] may be written in the equivalent ways 


2J (R\2 
an =V.- E 3 (*) ] [4] 


2 
0 0 


The oblate-free results may be obtained by setting J = 0 
in Equations [4 and 5] 


= — 1)? = (Vo? — 2p [6] 


Thus the difference between speeds at infinity is 


2J 

AV. = Ve -1- | [7] 
n \" 

For given J and R, AV, is a maximum for ro = R and 

n=1+ /3)(R/r0)?. This maximum is 

dic max AV. = V/ /3R 

which is approximately 857 fps for Earth. Fig. 2 show AV. 


(8) 
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for Earth. The range of V., of practical interest for two- 
impulse interplanetary ballistic journeys extends from 8200 
fps (for trajectories to Venus) to 39,000 fps (for Pluto) for 
which the corresponding values of 9 (at ro = R) vary from 
about 1.09 to 1.25. For this range of » the differences in 
speeds at infinity vary from 48 fps (Venus) to 9.1 fps (Pluto). 
For a minimum energy transfer orbit to Mars, starting at 
r) = 1.1R, the vehicle must escape from Earth with a relative 
speed of approximately 9600 fps with an allowable error of —~ 
-+-1 fps in order to impact Mars. If oblateness were not 

considered, V, would be 28.7 fps in error. : 


Minimum Speed Required for Escape 


To escape an oblate planet from a position in the equatorial 
plane, V., must be positive or zero. The minimum speed 
required for such an escape from 7 is obtained from Equation — 
|5] by setting V,, = 0. The resulting equation is 


p= (,, 
b (1+ 2") [9] 


which is larger than the corresponding oblate-free speed, given 


“ 
Thus, to escape from the equatorial plane of an oblate planet Fig. 1 Qualitative effects of oblateness on an escape path in the 
with V, = 0, the speed required exceeds the oblate-free equatorial plane 


minimum escape speed : 


J(R\? J (“) lou 


The maximum of this difference occurs for rp = R, and for— 
Earth it is approximately 10fps. 


Since oblateness decreases V ,, the distance to the asymptote 
increases with oblateness. 


Distance to the Asymptote _ 


In the equatorial plane, the distance p (Fig. 1) may be 


found by using another first integral of the equation of motion, Direction at Infinity 


constant angular momentum. By comparing apsidal condi- An analytic expression for the path is necessary to obtain 
tions and conditions at © the direction of the asymptote. Recent work by Anthony 
™ and Fosdick (2) has resulted in an approximate analytical 

(: | [12] determination of the path of a vehicle in the vicinity of an 

roVo2 370? oblate planet, which is valid for large eccentricities. For the 


qu wie Fig. 2 Oblateness effects on the speed at infinity 
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equatorial plane, the path equation becomes 


To J (R\? 
c c 


i To 


— cos + ~ [13] 


i‘ 


When r > ©, the left side of Equation [13] becomes zero. 
An approximate solution of this equation for cos £,,, valid to 
first order in J, is 


1 
= (“)’ (3 —9 + 2m?) [15] 
n B62 n? 


For €, = 180 deg, a first-order solution of Equation [15] 
yields 
2. (R\? 
-1+24(%) 
3 ro eb 


i 
4 


as a minimum speed for escape, which is another way of ex- 
pressing the exact result given by pen: [9]. 
Equations [14 and 15] yield a ety 


J {R\? 
c To 


1 J (R 
arc cos | — "(3 — 9 + 2n?) [16] 
n \ro 


an oblat 


te-free planet 


= arc cos (—1/n) 


J 2 2 
= E | cos | - (“) x 
\To n \ro 


(3 —yn + | — arc cos (- ‘) 


For 7 not near unity 


J (R\? 1 
Ag. = (*) E cos (- ) + 
ct \ro n 


Fig. 3 shows numerical results for escape from Earth. 
Maximum effects of oblateness again occur at V,, = 0 (about 
2.5 deg for 77 = R). For the range of practical interest for 
minimum energy interplanetary ballistic trajectories, begin- 
ning at 7 = R, Ago varies between 0.19 and 0.019 deg for 
trajectories to Venus and Pluto, respectively. 


Nomenclature 

c = Vo/Ve 

G = Newton’s gravitational constant 

J = oblateness parameter (approximately 1.638  10~* for 
Earth) 

M = mass of planet 

p = distance from center of oblate planet to asymptote of 
path 

= equatorial radius of planet (approximately 2.092601 x 

10’ ft for Earth) 

r = radial position on the path 

V = speed along the path 

Ve = V u/ro, circular speed at initial radius for an inverse- 
square force field J 

V = minimum escape speed 7 

= Vso — Vo 

= e/{l + 

n = c? — 1 (for the non-oblate case, |7| = eccentricity) 
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= GM (approximately 1.4076613 ft*/sec? for Earth) 
¢ = central angle 

= Po Ste 

Subscripts 


initial values 
results obtained for a planet with a spherically symmetric 


0 


mass distribution (inverse-square force field) 
conditions forr = © 
results obtained from inverse-square force field for r co 
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Geodetic Latitude and Altitude of a 
Satellite 


. BERGER’ and J. R. RICUPITO! 
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With the geocentric position vector of a satellite given, 
the problem is to compute the geodetic latitude and the 
altitude of the satellite above the Earth spheroid. The 
Lagrange multiplier method is avoided by a geometric 
derivation of an exact trigonometric equation for the 
geodetic latitude. By series expansion of the exact equa- 
tion, an analytic approximation is obtained for the correc- 
tion term, which, by addition to the geocentric latitude, 
gives the geodetic latitude. The altitude of the satellite 
then follows from the law of cosines. 
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N A PREVIOUS paper (1)? our formula [54] for the 
geodetic latitude of a sub-satellite point is not strictly 
accurate. The formula there actually gives the geodetic lati- 
tude of the point where the geocentric position vector R (of 
the vehicle) intersects the surface of the Earth spheroid, and 
the computed value exceeds the true geodetic latitude of the 
satellite by a few minutes of are. The problem of finding the 
normal to a spheroid from a given external point has some- 
times been attacked by the use of the Lagrange multiplier 
method in the calculus of maxima and minima, usually with 
the result that a high-degree algebraic equation must be solved. 
Since this problem apparently is not directly considered in 
geodesy texts (2) or almanacs (3) although it is inherent in 
missile and satellite work, and since in this paper (by a 
geometric derivation) we avoid the Lagrange multiplier al- 
together, the solution presented here should be of interest and 
utility. 
Geometric Derivation 
In geodesy (2) the surface of Earth is represented by an 
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Fig. 1 Meridian section of Earth, containing the geocentric position vector 
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ellipsoid of revolution, i.e., a spheroid. Hence, it suffices to 
consider the geometry in a meridian plane containing the 
position vector of the satellite. In Fig. 1, NGEZ is a quadrant 
of the ellipse; O is the center of Earth; OF is equal to a, the 
equatorial radius; ON i is equal toc, the polar radius; F; and F, 
are the foci; and F.0 = OF, = f = ae, where e is the ec- 
centricity. The satellite i is at point M. We are given the 
geocentric distance OM = R and the geocentric latitude 
ZEOM = yj of the satellite. From the vehicle M, the normal 
to the spheroid cuts the surface at G, the equatorial plane at 
Q, and the polar axis at M’. We wish to determine the 
geodetic latitude 2EQM = ¢ and the altitude GM = h. If 
ZOMQ = then evidently is equal to y + e. 

Suppose that M is nearer to F; than to F,. Construct the 
focal radii F;G and F.G. Through F; construct a line normal 
to MM’ at H and intersecting F.G at K. Complete the 
rectangles F,JHD and OJHP as shown in the figure. 

Since the focal radii F,G and F,G make equal acute angles 
8 with the normal M’M at G, we have FiH = HK;; the line 
OH thus joins the midpoints O and H of sides F:F; and KF; in 
AF.F,K. Hence, OH is parallel to F.G, with the result that 
ZIOH = 8. 

_ Now F,F;sin ¢ = 2fsin = FJ = +H. while F,H = 
FG sin 6, and HJ = DF, = PG si sin 8. Hence, 2f sin ¢ is 
equal to (FiG + F.G) sin 8. But FG + FG is equal to 2 OF 
= 2a, and so we obtain 


sin = (f/a) sin @ = esingd [1] 

which establishes the relation between ¢ and 8. 
Next, we involve ¢, 8 and ¢ in a single equation by noting 
that OP = £ sin «, OI = f cos ¢, and TH = OT tan B. But 


OP is equal to IH, and hence R sin € = f cos ¢ tan 8. By 
Equation [1], and the substitutions f = ae,e = @ — y, the 
preceding equation becomes 


R sin (@ — = ae? sin 26/2V1 — e sin? @ [2] 
which is the basic equation for the geodetic latitude ¢. 


. 


Series Expansion 


Rewriting Equation [2] in terms of ¢€, we have, exactly 


R sin € = ae? sin Ay + 6)/2V1 — e? sin*(y + [3] 
Evidently ¢€ is quite small, so that for purposes of series ex- 
pansion, sine ~ ¢€, cos € ~ 1. Since Earth has small ec- 
centricity (e ~ 0.082), we shall neglect powers of e higher than 
the fourth. Hence, by trigonometric and binomial expansion in 
Equation [3], we eventually obtain 


e? sin 2y + e‘ sin? cos 
~ 2{(R/a) cos 2y — (1/4)e* [1 + (1 — 2cos 2W) cos 2y] } 
[4] 


After computing ¢ by Equation [4], we have the geodetic lati- 


tude given by 


The altitude h = GM of the satellite above the spheroid is 
given by the law of cosines in AOGM as 


Height Above Spheroid 


h = ( — — VOG? 


where (2) 


— Resin? [6) 


= (a* cos 2 + ct ‘sin? )/(a? cos? @ + c? sin? [7} 


and 
e=aVi-e 
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Terminal Guidance Technique for 
Satellite Interception Utilizing a 
Constant Thrust Rocket Motor 


MARTIN L. NASON! 


Radio Corporation of America, Burlington, Mass. ar. 


The planar relative motion between a target and inter- 
ceptor satellite is treated by perturbation techniques to ob- 
tain linearized equations of motion which are valid in the 
vicinity of a collision course. A terminal guidance law is 
formulated for attaining a collision course and for the 
achievement of satellite rendezvous using constant thrust 
rocket motors. 


Motion Representation 


HE DIFFERENTIAL ialiieaea of ren of a mass 
particle confined to a plane which is acted — by 
rocket forces are given in polar form ee 


— = Fa/(m + (1) 


This is a reduced version of Preprint 777-59, presented at the 
oe Controllable Satellites Conference, MIT, April 30-May 1, 
1959. 
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Re + = Fe/(m +m) 


A polar coordinate representation of the relative motion was 


chosen, since guidance information for terminal control is 
usually available in this form. 


See Fig. 1. The apparent 
gravitational acceleration? is neglected. The force system 
can be achieved by either a one-motor or two-motor system. 
In the two-motor system a separate motor is used for both 
Fr and F,. The relationship between the mass flow rate 
and the force components for a single-motor and a two-motor 
system are simply 


m + F,?/C 
m = — (Fr/Ce + 


one-motor system [3} 


two-motor system [4] 


It is significant to note, however, that in the form written, 
Equations [1 and 2] are a valid representation for either a 


single or two-motor system. 
It is convenient to nondimensionalize the range and time. 
Letting r = R/R, and 7 = t/T, Equations [1 and 2] become 


¥ — ro? = a,/(1 — 7) 5} 
rg + 2%¢ =a,/(1 — 7) (6) 


2 Hord, R. A., “Relative Motion in the Terminal Phase Inter- 
ception of a Satellite or a Ballistic Missile,” NACA TN 4399, 
Sept. 1958. 
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where 
=> 2 7 
T=—mim 


Since there is no known exact solution of Equations [5 and 
6|, an approximate solution based on perturbation techniques 
will now be generated. For the study of motion in the 
vicinity of a collision course, the most appropriate parameter 
to choose as the perturbation parameter is the nondimensional 
normal acceleration component a,. Thus the assumed solu- 
tions are of the form 


where ag< 1. 

To complete the formulation of the problem, the initial 
conditions and the forcing function must be stated 


r(0) =m =1 a(0) 
7(0) =f (0) = a 


Substituting the assumed solutions into Equations [5 and 
6] and carrying out the formal techniques for solving the sets 
of differential equations involving the variables r;, re, 0; and 
o», respectively, the following results 


r=% +t %7r + a,[7 + (1 — 7) n (1 — 7)] [12] 


= (9 — ae{(% + 2a,)r + 
[1 + % + a(2— 7)]In(1 — 7)}) [13] 


In the development of these solutions, the initial angular 
rate of rotation o» was placed as an initial condition on o2 by 
setting ¢2 (0) = o9/a,. This implies that in order for the power 
series solution to yield an acceptable approximation to the 
actual motion, oo must be of the order of a, or less. Letting 


0 a, = constant 


where (rz) = 0, then it can be established 


that the restriction 9 <a,< 1 implies that the condition 
on < 1 is also satisfied. Thus, the angular rotation of the 
line of sight during the terminal maneuver will remain small 
if the assumptions on which the linearized solution were ob- 
tained are not violated. 

A comparison of exact solutions of the relative motion 
equations [5 and 6], as obtained by an analog computer, 
with the approximate solutions given by Equations [12 
and 13] has been performed for a few typical cases. The 
linearized solution for the angular rate was found to be reli- 
able for values of the perturbation parameter of the order 
of 0.4. However, the linearized range rate solutions did not 
give acceptable approximations for values of a, greater than 
0.2. 


Formulation and Implementation of Guidance Law 


Two distinct guidance problems will be considered. First, 
it will be required only that the interceptor satellite hit the 
target satellite, and, secondly, it will be required that a soft 
landing or rendezvous takes place. 

For the first problem, if the time to impact is not con- 
sidered, then it is sufficient to require that the relative range 
rate be negative and that the derivative ¢ vanish. Since 
only the component of relative velocity normal to the line 
of sight re must be erased (to achieve a collision course), 
it is readily apparent that the minimum value of impulsive 
velocity correction is obtained when its direction is normal 
to the relative range vector and equal to ra. Consequently, 
it doesn’t appear to be unreasonable to require that the 
orientation of the rocket motor force also be normal (F = F,) 
to the relative range vector. Although this orientation does 
not correspond to minimum fuel expenditure primarily be- 
cause of the coupling of the range motion into the angular 
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motion, the propellant mass consumed approaches the mini- 
mum impulsive. Thus the terminal guidance law for collision 
course control will be based on this concept. In instrument- 
ing this system, provision must be made for orientation con- 
trol of the thrust vector, for measurement of the rate of change 
of the line of sight angle and for thrust termination when the 
conditions for a collision course have been satisfied. A block 
diagram of this system is shown in Fig. 2. The sign of the 
force F, is given by the relationship 


sign of F, = sign of (—c) [14] 


A dead space in the thrust controller is inserted to prevent 
overshoot and unnecessary hunting when the angular rate 
approaches zero. 

To achieve rendezvous, a range control system is necessary. 
Examining Equation [12] it is apparent that the angular mo- 
tion does not couple into the range motion within the limita- 
tions imposed on the solution. Differentiating Equation 
[12] with respect to 7, solving the resulting expression for 
7 and substituting this expression back into Equation [12], 
the following relationship is obtained 


r— 1%) +a, — + [15] 


Regarding a, now as a variable depending on the instantaneous 
mass and range, the condition which must be satisfied for 
rendezvous (*# = 0) to be achieved at the range rp becomes 
simply 


r—tp = —*+a,(e"/% — 1) [16a] 


or 

m? Fr 

Equation [16a] was obtained from Equation [15] by letting 

r = rp and? = 0, and then dropping the zero subscripts on 

the initial range and range rate variables. A block diagram 

of the range control system is shown in Fig. 3. The range 

control computer determines the sign of the force Fr by the 

switching criterion ¥ 
mR 

Fam | + 1) 


mR 
Rm? Fr 


sign of Fz = sign of E 


mies 
: 
< 
| 
| 
- 
) | [17] 
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Fig. 3 Range control system 


The sian rate control system must, of course, be operating 
during range control to minimize off-collision errors. 
Rocket Motor Fuel Requirements 


The rocket motor propellant required to place the inter- 
ceptor on a collision course is obtained by defining 7s such 


that ¢(rs) = 0 and by noting that rz = mpr/m. Thus, 
from Equation [13 


E a4, (2 mer) In (1 wer) [18] 
mo 


The restriction that range not vanish while this correction is 
being performed must be imposed. If the range control 
system is not functioning (only a hit desired), an explicit 
relationship between the minimum impulsive mass mp;/mo 
and the constant thrust mass ratio mpr/mp can be obtained. 
Setting a, = 0 in Equation [18] and recognizing that oo/a, = 


C In (1 — mp,/m) then 4g 


where K = Romo/Rom = dimensionless burning parameter. 
The range restriction, in this case, implies that K mpr/mo 


mrt _ (1 — mpr/m)'~* 
mo eK ™PF/me 


be less than unity. As the burning parameter i is deo reased, 
the constant thrust mass ratio approaches the minimum im- 
pulsive mass ratio for the achievement of a collision course. 
Integrating Equation [13] over the burning time rz, the 
total angular rotation of the line of sight can be determined 


for a, = 
120) 


1 — mp;/m 


Since the total angular change must be small for the linear- 
ized solutions to be valid, Equation [20] indicates the rela- 
tionship between the ratio a,/K and the constant thrust and 
impulsive burning mass ratios which must be adhered to. 

In computing the amount of propellant required to con- 
trol the range, the change in range rate between switching 
points (change of sign of Fr) is the dominant parameter. 
Since mpr,/mo = Arg, where Ars, = — and = 
*(re,-1), = *(7e,), by differentiating Equation [12] with 
respect to 7 and making the appropriate substitutions, the 
constant thrust mass ratio becomes simply 


= — nn =1,2,3... [21 


where n = number of switching points. 


Nomenclature 


nondimensional acceleration _ 
C effective exhaust velocity 
F rocket motor force 
K burning parameter 

m mass of vehicle — 
mp propellant mass 
relative range 

nondimensional relative range 

time 

line of sight angle 

nondimensional time 
differentiation with respect to ¢ 
differentiation with respect to 7 
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Subscripts 

0 = initial value 

R_ = along range 

o = normal to range 


Extension of the Transient Heating 


hy 
A. N. BAXTER! 


Space Technology Laboratories, Inc., Los Angeles, Calif. 


LTHOUGH advances have been made toward protecting 

against high heating rates (notably in coatings and ablat- 

ing material), it is sometimes more practicable to use the 

heat sink properties of a material to prevent it from debilitat- 

ing, especially where the heating duration is short and the 
unit kinetic energy of the heating fluid is high. 

Theoretically determined data have long been available for 
estimating the transient temperature conditions of the unin- 
sulated surface of a semi-infinite slab (insulated on one side) 
subjected to a relatively low (constant) film coefficient and 
recovery temperature (1—-4).2 However, the environment 
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; generated by rocket jet or fluid dynamic shock wave impinge - 
ment can make it necessary to use existing graphs in regions 
- of dubious validity (5,6). 
£ values less than 0.02, and at Biot modulus values on the order 


For example, at Fourier modulus 


of 0.1, the temperature ratio data obtained by reading virtually 
any of the available charts are of questionable accuracy. 
The reported work was therefore undertaken several years ago 
to clarify and extend existing work in these regions; the results 
were used during the design of uncooled deflectors for rocket 
jets, but are believed to have more general application within 
the missile and propulsion fields. 

The equation for one-dimensional heat flow relating tem- 
perature ¢, dimensional position within the slab z, exposure 
time 7 and slab thermal diffusivity a is 


oz? 
A solution, and more tractable condition is (1) = 
6, ty = sin Na 
—Nn*(ar/1?) Na 
N+ sin N, cos N, 


[2] 
ARS JouRNAL 


Ro 
= 
i 
> 
a: = 
46 
[19] 
‘ 
90: 


5 “de ee 
where 
e 
ts = surface temperature of time T 
ty; = recovery temperature of the heating fluid 
{; = initial temperature of the slab 


N, = dimensionless quantity occurring in the expression 
cot N,/N, = k/hi 


= slab thickness 

6, = ly 

= 

k = slab terminal conductivity (assumed constant) 
h = film coefficient (assumed constant) 


For small values of exposure time 7, the number of terms 
required to achieve satisfactory convergence is high (see Eq. 
[2]); most of the solutions reported herein required 30 terms. 
Calculations were performed on the Burroughs model no. 
E102. 

Fig. 1 is a plot of some solutions in which the following 
ranges were investigated: Fourier modulus (a7/I?): 0.0001 to 
0.30; reciprocal of Biot modulus (k/hl): 0.011 to 10.0. A com- 
plete presentation of expanded charts is available in (6). 
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Fig. 1 Temperature difference ratio vs. Fourier modulus for the heated surface of a semi-infinite slab 
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Sample problem solutions employing similar plots are found 
in the literature. 
@ 
The writer wishes to thank M. B. Rogers and G. E.s Smith 
for the machine setup. and M. Moser and J. Poitz for coordi- 
nate geometrical work. 
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Stability of Some Potential Rocket 
Fuels in the Molten State 


R. P. RASTOGI,' R. K. NIGAM? and HARBANS LAL’ 
Panjab University, Chandigarh, India 


ECENTLY a very useful criterion for determining the 
stability of molecular complexes in the molten state has 
been developed which involves the knowledge of entropy of 
fusion from available freezing point composition data (1).‘ 
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It was thought interesting to examine the stability of diborane- 
ether complexes and hydrazine hydrate, which are potential 
rocket fuels. The phase equilibrium data for these have re- 
cently been obtained (2, 3). 

For the region between the two eutectics, it follows from 
thermodynamics that for a binary mixture 


Ash? f1 1 
R 7 


where 


= congruent melting poi:t 


so 6S &,' = mole fractions of the species A and B in the liquid 
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* Numbers in parentheses indicate References at end of paper. 


SePTEMBER 1960 


phase 
9085 


d 
— 
5 
r- 
r. 
< 
= 
4 


The subscript c refers to the composition at the congruent 
melting point. £&,' and és! are equal to stoichiometric mole 
fractions x! and (1 — z') only when the compound AmB, 
suffers complete dissociation. However, the qualitative de- 
ductions involve no error even if the stoichiometric mole frac- 
tions are substituted in Equation [1] for the general case. 
When In (z')™(1 — z')" is plotted against [(1/7) — (1/T.)] a 
straight line should be obtained if Equation [1] is valid, and 
the slope should yield the value of the heat of fusion. This is 
done in Figs. 1 and 2. In this manner the heats of fusion 
were estimated for five systems by using earlier data (2, 3). 
The entropy of fusion for these are tabulated in Table 1. 

It has been shown earlier (1) that if the entropy of fusion 
is of the order of 2, the compound is quite stable in the molten 
state. However, if the entropy of fusion is of the order of 20 
cal/deg/mole, the complex formed would be unstable in the 
molten state. A perusal of the table therefore, reveals that 
diborane-tetrahydropyran and hydrazine-water complexes 
should be stable in the molten state. In fact the hydrazine- 
water complex is known to be quite stable. Complexes of 
diborane with methylethy] ether and diethyl ether should not 
be stable in the molten state. The freezing point curve of 
ether in the phase diagram can be analyzed to show whether it 
would be so. From thermodynamics it is known that this 


—Log (x')™ 


2 4 6 8 10 12 14 
4 
x10 


curve would be given by Spee eine wes) Fig. 1 Estimation of heats of fusion of complexes: 
I. Diborane-diethyl ether (A;B2) 
II. Diborane-dimethyl ether 


In fat = + 


(in +1- 7) [2] 


R T i 
where 
de A;she® = heat of fusion of the component B 
_ Ts° = melting point of the species B which is ether in the 


present case 


; A;Cp° = difference in the heat capacity of ether in solid and 


liquid phases 


From Equation [2], the true mole fraction of ether can be 
calculated and compared with the stoichiometric mole frac- 
tion of ether which would be the mole fraction when complete 
dissociation of the complex takes place. This was tested by 
using the known values of heats of fusion (4) and the extrapo- 
lated values of heat capacities from the data of Parks and 
Huffman (4). The mole fractions agree within experimental 
errors and show that the complex is dissociated to a large ex- 
tent in the molten state. 

Presently, four types of chemical reactions of boron hy- 
drides are recognized. These are due to (5): 


_ 3 Loss of proton from a hydrogen bridge bond. 
4 Loss of molecular hydrogen from the molecule. 


Table 1 Entropy of diborane-ether complexes and 
hydrazine-hydrate 
Nature Congruent Entropy 
of the melting Heat of of fusion, 
compound point, fusion, cal /deg/ 
System formed K cal/gm mole 
diborane-tetra- 
hydropyran AB, 227 390 Ue 
diborane-di- 
methyl ether AB; 217 910 4.2 
diborane- 
methylethy] 
ether AB 134 1100 8.2 
diborane- 
diethyl AB, 149 2800 18.7 
ether A;B, 147 3660 24.9 
hydrazine-~ 
water AB 222 536 2.4 


906 


+Symmetrical cleavage of the double-bridge bond. 
Nonsymmetrical cleavage of the double-bridge bond. 


2 3 . 
x10 


2 Estimation of heats of fusion of complexes: 
1. Diborane-diethyl ether (A B,) 
2. Diborane-tetrahydropyran 

3. Diborane-methylethyl ether 
4. Hydrazine-water 
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It is obvious that the type of reaction expected from a given 
molecule would depend on the position of the molecule in the 
systematic arrangement and on the geometry of the origins! 
boron hydride. It seems that for the formation of diborane - 
ether complexes, type 3 is more important and for this type the 
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- following structure as suggested by Pitzer (6) is more plausible 


- 

It is plausible that the complexes are formed by hydrogen 
bonding due to availability of protons. It is obvious then that 
the stability of the complexes formed would depend on the 
length of the ether molecules. This conclusion is verified by 
the construction of the models. This suggests instability of 
diborane complexes with diethyl ether. The given structure 
postulates the possibility of the existence of AB or AB, com- 
plex, but it is difficult to explain how AB; complexes are 
formed. 
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Insulation Temperature for the 
: Transient Heating of an Insulated 
Infinite Metal Slab’ 


WILLIAM H. HOLTER? and JOHN H. GROVER‘ 


Atlantic Research Corp., Alexandria, Va. 


The solution is given for the equation of transient heat 
conduction at the hot surface of the insulation of an in- 
finite metal slab. A graphical representation of a simpli- 
fied approximate solution of sufficient accuracy for en- 
gineering use is also given. 


Y, = 


T’—T,  [(by — a2)? + a;? (b + g)*Il + (bg + (b +9) 


"2 


the other surface with hot flowing gases. Additional as- 
sumptions included: 

1 Conduction of heat only in the direction normal to the 
plane of the slabs. 

2 An initially uniform temperature throughout the slabs. 

3 No heat transferred to the metal slab except by conduc- 
tion through the insulation. 

4 No thermal resistance between the two slabs. 

5 A finite thermal film resistance between the hot flowing 
gases and the insulation. 

6 Temperature of the flowing gases does not decrease in 
the direction of flow. 

7 Thermal diffusivity a of the insulation is invariant with 
temperature. 

The temperature of the hot surface of the insulation is ob- 
tained by letting z equal zero in Equation [1] to yield 


+ g?) 


Equation [2] may be rearranged in terms of the dimensionless parameters X, Y,, m, n and B; to give 


N A PREVIOUS paper (1),‘ the authors presented the 

generalized solution of the transient heat conduction 
equation for an insulated infinite metal slab and a graphical 
representation of a simplified approximate solution for the 
temperature of the metal slab. In some instances it is also 
desirable to determine the temperature of the insulation. 
The solution for the hot surface is given here. 

The previously obtained (1) generalized solution is 


(1 + m? (1 + n2B,2) + (m + n) (1 + mnB;?) 


Qhe q,2 + (b sin + a; cos 


ai{((bg — + — g)*Il + (bg + (b 


This equation is valid for an infinite slab of insulation with 
finite thermal conductivity, in contact at one surface with a 
slab of metal of infinite thermal conductivity and in contact at 
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[3} 


Equation [3] is the exact solution and can be used for deter- 
mining the hot surface temperature. By again introducing 
the empirical parameter 


h=m+n+ mn [4] 


the right-hand side of Equation [3] can be closely approxi- 
mated in terms of one less parameter, as follows 


(1] 


Que ~ 


£41+4+ 

Equation [5] is exact to within a few per cent, and its use 
allows the complete range of the numerical solutions to be 
presented in a single plot, thus avoiding double interpolation. 
The numerical solution of Equation [5] is shown in Fig. 1 
for values of » from 0.05 to 50. The curves in this figure 
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Fig. 1 Dimensionless plot of insulation surface temperature rise 
vs. heating time for an insulated infinite metal slab 


correspond exactly to the Hottel chart for large slabs, for 

evaluation of surface temperature as given by McAdams (2). 

Nomenclature 


a; = positive roots of tan a,l = (bg — a;*)/(b + g)ai 
h/k 


= 
C = heat capacity of insulating slab te ‘ 
Cm = heat capacity of metal slab ; 

q C/pmC mlm 

hk = coefficient of heat transfer between heating or cooling 


fluid (hot gases) and surface of insulating slab ' 
k = thermal conductivity of insulating slab = 


{= thickness of insulating slab 

ln = thickness of metal slab 

mn = k/hl = dimensionless resistance ratio ; 
n = pmCmlm/pCl dimensionless heat capacity ratio 
7’ = temperature at position z at time @ 

7’, = temperature of hot surface of insulation at time 6 


7’ = temperature of heating or cooling fluid (hot gases) _ 
7’, = initial temperature of insulating slab 


X = a6/l? = dimensionless time parameter 

x = normal distance from surface to point 

Ys = (7" — 7,)/(T’ — To) dimensionless temperature difference 
ratio 

Y’ = [uw/m(1 + ¥s 

a = k/pC = thermal diffusivity of slab (insulation) 


Bi = ail 

6 = time from start of heating or cooling 

p = density of insulating slab 

pm = density of metal slab ; 
nw. = m+n-+mn = dimensionless empirical parameter _ 


References 


1 Grover, J. H. and Holter, W. H., “Solution of the Transient Heat- 
Conduction Equation for an Insulate... Infinite Metal Slab,” Jet Prorut- 
sion, vol. 27, no. 12, Dec. 1957, pp. 1249-1252. 

2 McAdams, W. H., “Heat Transmission,’’ McGraw-Hill Book Co., 
Ine., N. Y., third ed., 1954, p. 37. 


on al ra. ~ 


Acoustie Instability in Solid Fuel 
Rockets’ 
F. T. MeCLURE,? R. W. HART? and J. F. BIRD‘ 


Applied Physics Laboratory, The Johns Hopkins 
University, Silver Spring, Md. 


OMBUSTION instability remains the béte noire of the 
rocket motor, despite all the efforts of the past two dec- 
ades to lay it to rest (1). Recently attention has shifted from 
devising ad hoe remedies to basic studies of the phenomenon 
(2). We wish to comment here on certain aspects of oscil- 
latory combustion of solid propellants which have been il- 
luminated by such investigations. 


Source of Oscillation Energy 


It is reasonable to hope that a sufficiently basic understand- 
ing of the energy sources will allow us one day to alleviate in- 
stability effectively. The major source resides undoubtedly 
in the thin combustion zone at the solid-gas boundary. It 
is rather generally agreed that it is the response of this com- 
bustion zone to acoustic pressure variations that amplifies 
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incipient oscillations. Thus, this amplification is best de- 
scribed in terms of the real part of the acoustic admittance 
of the burning surface (3, 4). Because it describes the energy 
source, this response function (real part of boundary admit- 
tance vs. frequency of oscillation) is a vital characteristic of a 
propellant. However, little is now known experimentally 
about the response function, except that it is broad-banded 
and varies from propellant to propellant (5). 

A theoretical calculation of the response function for a 
(hypothetical) plane combustion zone has been made, under 
the assumption that all chemical reactions are fast (3). It 
was shown that the time delays of heat and mass transport 
across the zone were sufficient to produce acoustic amplifica- 
tion over a broad frequency range for many typical sets of 
physico-chemical constants of a propellant. The most 
questionable part of the theory is the treatment of the solid 
phase reaction. Of course, since the theory is one-dimen- 
sional, it cannot be considered even a semiquantitative re)- 
resentation for composite propellants because of the hetero- 
geneity on a scale comparable to the combustion zone thick- 
ness. We emphasize, however, that no matter how more 
complicated and closer to reality a theoretical description of 
the time dependent combustion becomes, the transport delays 
are always involved, and it is unlikely that the geners! 
broad-bandedness will be destroyed, except in very special 
“ases, 

In view of the difficulties facing theory, there is an urgent 
need for experimental determination of the response curve-. 
There are at present no such data on this characteristic of 
propellants. It appears that the role of theory in this arca 
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is to be guide to the interpretation of the experimental meas- 
urements. 


Viscoelastic Motion of the Solid 


Until recently, the wave motion in the propellant during 
oscillatory combustion has been ignored. That the solid 
participates in the vibrations is evident from the observa- 
tion of stress waves in it (6). This participation is also mani- 
fested by the fact that brittle propellants are known to shatter 
during severe oscillatory combustion. Furthermore, it is 
reasonable to attribute the changes in propellant properties 
that occur after a period of intense oscillation to the acoustic 
“working” of the material. 

Theoretical studies (4,7) of the oscillation modes of a 
rocket engine verify that the solid must be considered as 
sharing in the oscillations. These studies show that for 
t\pical propellants the common assumption that the acoustic 
velocity is null at the solid-gas interface is completely invalid; 
on the contrary, the acoustic pressure at the surface can be 
anything between a node or a loop depending on the web 
thickness of the grain. Since the amplifying property of the 
surface is a response to pressure, it follows that the various 
iiodes of the cavity can be amplified only at certain times 
during the course of burning. Viscous damping in the solid 
and in the gas also varies as the web burns away. As a 
result, the theory leads to the remarkable and important 
result that a rocket motor will exhibit sporadic periods of 
oscillatory combustion, sometimes in one mode, sometimes 
in another, as burning time progresses. Thus it emerges 
that the viscoelastic motion of the solid is a major reason for 
the intermittent “ringing” that has been so puzzling in the 
past. 

This theory also predicts that, because of the motion of the 
solid, the regions of instability will depend markedly on the 
conditions at the grain-case boundary (i.e., whether loose- 
fit, slip-fit or ease-bonded). This is confirmed by the care- 
ful experiments of Angelus (5) and similar observations of 
{yan (8). Incidentally, in view of the importance of the 
boundary conditions at the case as well as of the physical 
properties of the solid (especially viscosities), it is not hard 
to understand the observed irreproducibility of the phenomena 
in terms of variations in mixing, curing and loading operations. 


Influences of Erosion 


Although it is recognized that fluctuations in pressure (in 
contrast to velocity) are the prime factor in converting com- 
bustion energy into sound, one may well inquire how impor- 
tant a role gas velocity plays for a propellant that exhibits 
erosive burning (burning rate dependent on tangential gas 
velocity at burning surface). It has been observed (6) that 
very highly erosive propellants seem to burn more stably 
than others. Aside from a limited analysis by Cheng (9), 
theoretical work has been directed toward the question of 
inherent rather than acoustic instability (10). 

Recently, however, the influence of erosion on acoustic 
instability has been examined in some detail (11). This 
theory confirms the stabilizing influence of high steady erosion 
for propellants having positive erosion constants (mean burn- 
ing rate increasing with increasing erosive velocity), and 
predicts the contrary for negative erosion constants. 
Since a mesa propellant when operating on or below the mesa 
exhibits negative erosion for velocities less than a certain 
value and positive for higher velocities, it follows from this 
prediction that such a fuel could differ greatly in stability 
under different erosive conditions (e.g., in rocket engines of 
different port area-burning area ratios), other things being 
equal. The analysis also treated the effect of acoustic fluctua- 
tions in the erosive velocity in terms of an (unknown) fre- 
quency dependent erosion constant. The results were found 
to depend markedly on the symmetry of the flow field in 
the rocket. For the usual end-nozzle case it seems that 
acoustic erosion should have little effect on stability. How- 
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ed in some experiments 
(12), it could affect stability materially, in manner and amount 
depending on the value of the a-c erosion constant. 

An interesting observation of the theory is that acoustic 
erosion might have a predominant effect on stability for 
geometries in which two modes of the system are degenerate 
in frequency. This is reminiscent of Price’s observation (13) 
of catastrophic interaction between degenerate modes. 
These results cannot be compared directly to the theory (11), 
however, since the interacting modes are axialsand tangentials, 
which are not coupled in the.acoustic (linear) analysis. The 
orthogonality between axial and tangential modes will, how- 
ever, be removed for finite amplitude oscillations, and the pos- 
sibility of large degeneracy effects in such circumstances is 
now under investigation by the present authors. 

With respect to erosive effects for high amplitude fluctua- 
tions, it appears that the major factor responsible for the 
mean pressure level changes observed during severe oscilla- 
tory combustion has been uncovered. For it has been shown 
(4,7) that the rectification of tangential velocity involved 
in erosive burning (the burning rate depends only on the size 
of the erosive velocity, not its direction) yields a d-c term 
which leads, for positive erosion constants, to an increase in 
mean burning rate, and hence mean pressure, which is of 
the observed magnitude. We may note that some experi- 
ments by Price indicate that the pressure oscillations at high 
amplitude lead to a decrease, but that the positive erosion 
effect generally overcomes this. 

This concept of erosive rectification also accounts for the 
negative d-c shifts in pressure observed with mesa propel- 
lants under moderate oscillations. As noted in the fore- 
going, for such powders burning on or below the mesa, the 
erosion constant changes from negative to positive 
values as erosive velocity increases. Since negative erosion 
gives a negative d-c shift, we expect either increased or de- 
creased mean pressure level in various degrees depending on 
operating conditions and on the amplitude of the oscilla- 
tions. In particular, one can understand in these terms why 
mesa propellants exhibit a dip in operating pressure at the 
onset or end of oscillatory combustion, but the usual “top- 
hat”’ for well-developed oscillations. 

Finally, erosive rectification at finite amplitude has two 
further consequences. First of all, pressure fluctuations at 
frequencies harmonic with that of an unstable mode will ap- 
pear, even though the system is actually stable to perturba- 
tions at such frequencies (7). This has been confirmed by 
experiment (5). Secondly, this generation of harmonics 
will distort the wave form of the acoustic field, quite con- 
siderably in the case of pure axial modes. This phenomenon 
will be treated in detail by the present authors in a paper now 
in preparation. 
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Rianaaeinas on “Minimum Time Flight 
: 4 
Paths” 


ROBERT T. STANCIL! 


Convair Div., General Dynamics Corp., ane 
Fort Worth, Texas ye 


N HIS recent article (1),? Schindler apparently achieved a 
much simpler solution of the minimum time problem than 
had -been attained previously. However, his results are 
invalidated by an error in the variational analysis. In 
carrying out the partial differentiation indicated in Equa- 
tions [13 and 33], he states that a only occurs explicitly in the 
quantities A and B. Actually, v;’ and v2’ are also explicit 
functions of a. Had the dependence of »,’ and v2’ on a been 
considered, the partial derivative obtained would have been 
identically zero. Thus no information would be provided as 
to the optimum angle of attack. 
It should be apparent from a practical point of view that 
the optimum angle of attack cannot be determined as a 
function only of the instantaneous values of the position, 


Received May 6, 1960. 

1Senior Aerodynamics Engineer, 
fection. 

2 Numbers in parentheses indicate References at end of paper. 


Aerospace Technology 


velocity and applied forces without consideration of the de- 
sired end conditions of the trajectory. The function served 

, Lagrangian multipliers is to correlate the instantaneous 
and final values of the dependent variables. An all too 
common lack of understanding of this function exists; e.g., 
see the recent erroneous paper by Dommasch and Barron 
(3) as well as Dommasch’s incorrect answer to the comments 
by Miele, Leitmann, Kelley and Edelbaum (2). Through 
their derivative property, as noted by Breakwell (4), the 
multipliers indicate at any instant the relative gains to be ob- 
tained in the quantity being extremized by variations in the 
associated dependent variables. The result of eliminating 
one or more of the required multipliers is not the freeing of a 
constraint, but rather the omission of part or all of the infor- 
mation regarding the effects of variations in the dependent 
variables. 

An inconsistency appears also in the inclusion of the (v 7) 
terms in the equations of motion [3, 4 and 25] in addition to 
the thrust term. 
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N A RECENT Technical Note (1)? two points were made 
which do not seem to the writer to be entirely logical. 


Received May 16, 1960. 


1 — Performance Engineer, Rocket Division. Member 


2 Numbers in parentheses indicate References at end of paper. 


The first point is really a non sequitur which may be para- 
phrased thus: 

“The theoretical calculation for shifting equilibrium ex- 
pansion gives one value for the temperature at the nozzle 
exhaust, whereas calculations based on frozen composition 
give another. Measurements of the mean temperature 
give a value near that calculated for frozen expansion. 
Therefore the expansion is nearly frozen.” 

Now we already know that in all practical systems th« 
specific impulse is less than would be expected on the grounds 
of an equilibrium expansion. Thus we would expect the mean 
temperature to be below the value predicted by calculations 
based on equilibrium. Measurement of this temperatur: 
merely confirms a fact we already know. This fact does noi 
however, necessarily imply that shifting equilibrium is not 
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maintained in the nozzle. An alternative explanation is 
that the oxidant/fuel mixture ratio varies across the nozzle 
cross section, or from time to time at a particular section. 
Since the overall mixture ratio is usually chosen to give the 
maximum specific impulse, any local inhomogeneity must 
result in a deterioration of performance, and could explain 
theoretically a loss in specific impulse. Since any tempera- 
ture measurement gives a value that is always a time mean, 
and often a space mean as well, the theory of inhomogeneity 
should be quite adequate to account for the observed mean 
temperature being lower than that for shifting equilibrium. 
Thus the fact that measured values of mean specific impulse 
and mean temperature are below the values that would be 
uleulated for equilibrium expansion is no proof that equi- 
librium does not occur locally, unless it can also be proved that 
the flow is homogeneous. 

The second point is the author’s suggestion that the ex- 
pansion process consists of “a frozen composition expansion 
with some additional burning.” It is extremely hard to 
picture the physical state of affairs which would correspond 
to this suggestion. 

If we exclude the water-gas reaction CO. + H, —CO + 
H,0, which is known to be slow but which absorbs only small 
quantities of energy, the principal difference between equi- 
librium and frozen composition expansions is the reassociation 
of oxygen and hydrogen atoms and hydroxyl radicals. But 
all current theories of combustion assume that it is by the 
reactions of these very same species that combustion pro- 
ceeds. They act as chain carriers in a series of steps such as 
the sequence 


which, in effect produces H:O out of H2 and Q.. Exactly 


similar reactions must be involved in maintaining equilibrium. 
Surely, therefore, it is completely inconsistent to maintain 
that combustion takes place during expansion but that none 
of the reactions leading to equilibrium can take place. 

Furthermore, calculations by Lemon (2) have shown that 
the heat release rates required to maintain near equilibrium 
composition in nozzle flow are no more than those measured, 
with similar reactants and under similar temperature condi- 
tions, in the combustors of aero gas turbines. This corre- 
spondence provides another strong argument for supporting 
shifting equilibrium. 

Now the results plotted by Simmons in his Figs. 1 and 2 
show two very important points. 

First, the measured value of the characteristic velocity 
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varies with mixture ratio in just the same way as the theo- 
retical values calculated on either a shifting or a frozen 
basis (the latter two curves being parallel) but is below them 
both. The fact that the c* value is nearer that predicted on 
a frozen basis cannot be used as an argument favoring frozen 
composition expansion. For whatever phenomenon causes 
the difference between measured and frozen values can also, 
in a slightly higher degree, cause the observed difference be- 
tween measured and equilibrium values. The hypothesis of 
inhomogenity would, in fact, be quite adequate to account 
for the discrepancy on either basis, since the theoretical c* 
is significantly reduced when quite small variations in mix- 
ture ratio across the chamber are assumed. 

On the other hand, Fig. 1 of Simmons’ note shows that as 
the mixture ratio varies, the exit temperature tends to follow 
the flat “frozen” line instead of rising at more oxygen-rich 
mixtures, as would be predicted on the basis of equilibrium 
expansion. This observation is in line with the present 
writer’s own findings on large engines, where the measured 
thrust coefficient tends to follow the frozen rather than the 
shifting line. These facts cannot be explained on the hy- 
pothesis of inhomogeneous shifting equilibrium, and they do 
suggest that the composition is effectively frozen, at least 
downstream of the throat, since it is the recombination 
in the expanding portion of the nozzle that really causes 
the difference between the variations of the values of Cr, 
specific impulse and outlet temperature, with equilibrium 
flow as opposed to frozen flow. 

In the opinion of the writer, therefore, Simmons’ results 
support the suggestion of Bray (3) that shifting equilibrium 
_ is maintained up to some point in the nozzle, after which point 
the flow is effectively frozen. The practical results can in 


— fact be adequately explained by the assumptions that: 


1 There is equilibrium flow up to the throat. ~ 

2 There is frozen flow downstream of the throat. 

3 The residual difference between theoretical and prac- 
tical results is accounted for by inhomogeneity of the flow. 

The magnitude of this effect could be checked by tests at a 
mixture ratio where the theoretical difference between 
equilibrium and frozen performance is small. It is submitted 
that these hypotheses are more reasonable and more con- 
sistent than those advanced in the Technical Note cited. 
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Principles of Optics, ke Max Born 
and Emil Wolf, Pergamon Press, 1959, 
xxvi + 803 pp. $17.50. 
Reviewed by A. M. ZarEeM and Horace 
R. Moore 
Electro-Optical Systems, Inc. 


It was in Germany in 1933 that Pro- 
fessor Max Born published two books, 
one of which, “Atomic Physics,” appeared 
in an English translation in 1935. The 
notable success of this English edition 
during the subsequent years has only 
served to emphasize the regret, often 
expressed, that the other German work, 
“Optik,” a book on optics, was never 
translated into English. 

The book presently 
“Principles of Optics,’’ by Professors 
Max Born and Emil Wolf, although 
certainly the inspirational offspring of the 
many requests m: ade to Dr. Born for an 
English version of his ‘‘Optik’’ is no mere 
translation of that earlier work. Instead, 
a substantially new book, restricted to 
those optical phenomena whose interpre- 
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tation is possible within the framework of 
Maxwell’s electromagnetic theory, has 
been presented. Even a brief perusal of 
this work indicates an unusual rapport 
between the collaborating authors; the 
elder, Born, needs no introduction to the 
scientific reader; and the younger, Wolf, 
is well known both in this country and 
abroad for his many contributions to 
optical field theory. The quality of the 
presentation, both in regard to clarity and 
uniformity of expression, is unusual for a 
co authored book and is especially note- 
worthy in the present case where several 
specific chapters have been prepared by 
the following contributing authors: A. B. 
Bhatia, P. C. Clemmow, D. Gabor, A. R. 
Stokes, A. M. Taylor, P. A. Wayman and 
L. Wileock. Professor Wolf, who was 
responsible for most of the compiling, writ- 
ing and checking of the text is here com- 
mended for a notable job of assimilation 
and integration. 
Following a_ historical introduction, 
the book is presented under these main 
chapter headings: Basic Properties of the 
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Magnetohydrodynamics 
Plasma Acceleration 
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Electron-lon Optics 

lon Generation 
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Electromagnetic Field; Electromagneti: 
Potentials and Polarization; Foundations 
of Geometrical Optics; Geometrical The- 
ory of Optical Imaging; Geometric:! 
Theory of Aberrations; Image-Forminy 
Instruments; Elements of the Theory of 
Interference and Interferometers; Ele- 
ments of the Theory of Diffraction; Tho 
Diffraction Theory of Aberations; Inter- 
ference and Diffraction with Partially 
Coherent Light; Rigorous Diffraction 
Theory; Diffraction Theory by Ultrasonic 
Waves; Optics of Metals; Optics of Crys- 
tals. Then come nine Appendixes on suc! 
relevant mathematical techniques as the 
calculus of variations. 

The foregoing list of chapter headings 
indicates the presentational logic as well as 
the content of ‘Principles of Optics.’’ 
Limited to the electromagnetic theory of 
propagation, interference and diffraction of 
light, the book deals with those optical 
phenomena whose explanation can be con- 
ceived in terms of a continuous distribution 
of matter and which can be described de- 
ductively on the basis of Maxwell’s 
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equations alone. Such a treatment nec- 
essarily excludes consideration of physio- 
logical optics, x-ray and y-ray optics, 
electron optics, the optics of moving 
media, the theory of spectra and other 
connecting links between atomic physics 
and optics. Anyone conversant with the 
diversity of these various fields both in 
concept and formalism and the degree 
to which they are now developed will 
recognize the wisdom of the authors in 
thus limiting the scope of “Principles of 
Optics.” This has allowed both a logical 
and complete treatment of classical optics 
as it is presently known. The result is 
a noteworthy contribution to the reference 
literature in an important field. 

A discursive reading of this text indi- 
cates that there will be few faults found by 
the informed reader. Some criticism may 
arise at points where the need to limit the 
discussion to the chosen subject matter has 
resulted in a summary treatment of certain 
aspects which might be of special interest 
to particular readers. However, the judi- 
cious use of clearly written reference foot- 
notes relieves any tendency to discon- 
tinuity in such cases. 

Despite the exclusion of the several fields 
of optics earlier noted, this book is not 
small, running to some eight hundred 
pages. Unfortunately, the quality of the 
binding may not match the weight of 
so many pages; at least, in the case of the 
copy received by the reviewers the covers 
have become detached during the normal 
handling of a few weeks. Moreover, 
the paper used is not sufficiently white to 
provide the contrast necessary for easy 
reading. This is unfortunate in view of an 
excellent typographical performance by 
the printers on a predominantly mathe- 
matical text. The figures are adequate 
with the exception of some of the photo- 
graphic reproductions which do not com- 
pare favorably with their counterparts in 
other texts. 

In conclusion, it is noted that typeset- 
ting for a book of this nature must dictate 
a large part of its formidable price of 
$17.50. Probably the technical reading 
world is sufficiently conditioned to this 
situation to dispel any qualms a reviewer 
might have in strongly recommending 
the acquisition of this book by all indivi- 
duals or institutions who have a serious 
concern with the science of optics. 


Plasma Physics and Thermonuclear Re- 
search, edited by C. Longmire, J. L. 
Tuck and W. B. Thompson, Pergamon 
Press, New York, 1959, 612 pp. $15. 

Reviewed by RosBert A. Gross 
Columbia University 


This is an edited and reduced-size 
version of Volumes 31 and 32 of the ‘‘Pro- 
ceedings of the International Conference 
on the Peaceful Uses of Atomic Energy’’ 
that took place in Geneva, 1958. The 
majority of the papers on plasma and 
thermonuclear research are reproduced 
here with some of the particular subjects 
somewhat condensed. This single volume 
is of more reasonable physical size and 
costs less than the Geneva volumes, and 
therefore more easily obtainable for the 
specialist’s private library. 

The volume is in four parts and includes 


the contributions of experts throughout 
the world. Survey papers are given by 
leaders in fusion research. The major 
devices used in attempting to attain fusion 
and to gain understanding of plasmas 
are described, and some of the important 
theoretical papers are contained in this 
volume. 

Because the second Geneva Conference 
permitted for the first time a free exchange 
of information on fusion research, this 
volume contains a wealthy backlog of 
mportant information. This book is for 
the specialist working in the field, and 
only a few papers, such as the introductory 
Survey papers, would be of interest to 
the general technical reader. Most tech- 
nical libraries contain the official Geneva 
books, and therefore this reviewer as- 
sumes that the publisher has made this 
single volume available because the private 
demand is sufficient to warrant another 
printing of these important contributions. 


Formation and Trapping of Free Radicals, 
edited by Arnold M. Bass and H. P. 
Broida, Academic Press, New York, 
1960, 538 pp. $16. 

Reviewed by GrorcE C. Szeco 
Space Technology Laboratories, Inc. 


The entire science of free radicals, in 
the modern sense of the words, dates back 
60 years, to the discovery by Professor 
Gomberg, at the University of Michigan, 
of the existence of aromatic organic free 
radicals. Only 30 years ago, Paneth and 
his co-workers at the University of 
Berlin discovered the existence of aliphatic 
free radicals and actually measured their 
lifetimes. Yet in this very new field a 
great deal of work has been done. Of 
particular interest is the relatively even 
more recent work done on the storing of 
free radicals after initiation has been car- 
ried out. This volume describes work 
which resulted from a rather unusual 
research program at the National Bureau 
of Standards, with which the writer was 
fortunate in having a direct connection 
for more than.a year. The project itself 
began under the auspices of the United 
States Department of Defense, whose in- 
terest in an investigation into the storing 
of free radicals was primarily motivated 
by a desire to find possible super-propel- 
lants for reaction propulsion. 

Nevertheless the project was carried 
out on a completely unclassified security 
basis, and, in fact, gained much from the 
participation of a substantial number of 
foreign scientists. The program itself was 
staffed partly by employees of the Bureau 
of Standards and partly by employees of 
private industry from both here and 
abroad who were given leaves of absence 
from their regular full-time duties and 
took up residence in Washington, actually 
carrying out their work in the laboratories 
of the National Bureau of Standards. 
At that time the writer was with the 
General Electric Co. in Cincinnati, which 
not only had a full-time employee with the 
Free Radical Project, but also was en- 
gaged in generating for the Bureau of 
Standards, the basic thermodynamic tabu- 
lar and graphical data for the purpose of 
evaluating free radicals, from the theo- 
retical point of view, as high energy rocket 


propellants. From this work, a very sub- 
stantial volume was published by G& 
which consisted of well over 1000 pages of 
thermodynamic data. 

The volume “Formation and Trapping 
of Free Radicals’ now brings together in 
one useful book all the work which took 
place in the laboratories of the Bureau o! 
Standards on the entire problem of th« 
formation and the trapping of free radical: 
of anumber of varieties. For the scientist 
who wants to be brought up to date on th: 
accumulative work which has been done 
in this field, this volume is an extremel) 
valuable working tool. The volume itself, 
written by some 17 principal authors 
brings together an invaluable chronolog) 
and analysis of the basic reference litera 
ture in the entire field. Most of th 
chapters have extremely satisfactory bib- 
liographic material to which reference has 
been made through the text. Materia 
generated outside of the National Bureau 
of Standards project is naturally also in- 
cluded. A glance at the chapter headings 
gives one an insight into the truly inter- 
disciplinary nature of a sound attack on 
this extremely broad and _ particularly 
difficult problem. 

In addition to topics which would be 
expected in such a volume, there are « 
couple of bonus chapters, specifically, 
Chapter 14, ‘Trapped Radicals in Radia- 
tion Damage’’ and Chapter 15, ‘“‘Trapped 
Radicals in Biological Processes.’’ These 
chapters point directly at the rationale 
and understanding of the processes with 
which we must learn to cope as we at- 
tempt to penetrate space, particularly 
with living cargo. Chapter 13 ‘Trapped 
Radicals in Propulsion” which was of 
most immediate interest to the writer is 
unfortunately somewhat cursory, inas- 
much as its author has employed less than 
the best and latest available information 
of the performance of the various systems, 
and has discussed the field of nonchemical 
propulsion in a relatively brief and super- 
ficial way. Particularly unsatisfactory 
were the sections on alternative methods 
of nonchemical propulsion systems and 
the complete omission of the possibilities 
of using free radicals found trapped in 
Earth’s upper atmosphere and _ possibly 
elsewhere in space. However, this chap- 
ter is somewhat of an adjunct to the main 
topics of interest of the volume and per- 
haps no more than a very brief treatment 
of propulsion is called for here. 

This volume is an extremely valuable 
starting tool for the laboratory scientist 
who desires to be brought up to date on 
the theoretical and experimental work and 
the results thereof which have been real- 
ized in the field of creating and stabilizing 
free radicals. Details about the equip- 
ment for generating and analyzing free 
radicals are given, as well as details of the 
techniques of handling, trapping and 
measuring many aspects of the physica! 
properties characteristic of the unpaired 
electron and other properties of free radi- 
cals. A great deal of material is provided 
on spectroscopy, cryogenics, electron spin 
resonance and many other theoretical and 
experimental aspects of this extremely 
broad and difficult field. The volume is 
absolutely essential to those undertaking 
experimental research in this field. 
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Engineering Thermodynamics, by James 
B. Jones and George A. Hawkins, 
John Wiley and Sons, Inc., New York, 
1960, 724 pp. $8.50. 

Reviewed by Witu1aM T. SNYDER 
North Carolina State College 


The task of selecting a suitable intro- 
ductory thermodynamics book for teach- 
ing or self-study purposes is becoming more 
difficult because of the large number of 
books that must be examined. It is, of 
course, not sufficient to scan the preface 
with the expectation of determining the 
level or maturity of the presentation. 
It is necessary to do considerable reading 
in the text with certain broad criteria of 
evaluation well in mind. 

An introductory textbook in thermo- 
dynamics should possess at least the 
following characteristics: 

1 A preciseness in the language and 
definitions used. 

2 An emphasis on the scientific basis 
o! thermodynamics which clearly delin- 
eates the basic laws from the deductively 
derived results. 

3 The mathematics of thermodynamics 
should be treated as an integral, necessary, 
part of the development rather than as 
a special topic which may be arbitrarily 
included or omitted. 

The authors have done a very good job 
of incorporating these characteristics into 
their writing. A considerable effort has 
been devoted to elaboration on definitions 
and concepts in the early part of the 
book. The first 11 chapters of 390 pages 
are used to develop the basic aspects 
of classical thermodynamics through the 
second law and mathematics of property 
relationships. The remaining 10 chap- 
ters, or approximately 40 per cent of the 
book, are devoted to applications, such as 
mixtures, chemically reactive systems, 
chemical equilibrium, thermodynamics of 
fluid flow, cycles and refrigeration. A 
brief chapter on heat transfer concludes 
the book, but this inclusion is not neces- 
sary because of the full status now ac- 
corded heat transfer in modern engineering 
curricula. 

The developments for a closed system 
are very carefully made, but certain aspects 
of the open system treatment could be 
improved. For example, the system is 
defined as both a definite quantity of 
matter and a region in space. Except for 
the treatment of electromagnetic phen- 
omena (which are not covered in the 
present book), a dual definition of the 
system is not necessary. The control 
volume concept is, of course, essential for 
flow situations, but a separate statement 
of the first law for the control volume is 
not necessary. This can be a derived 
result from the closed system formulation. 
It is the reviewer’s opinion that a more 
consistent introductory treatment results 
by using the system definition of a definite 
quantity of matter. It is then a straight- 
forward matter to apply the first law 
formulation for a closed system to a definite 
quantitv of matter which is instan- 
taneously contained within the control 
volume. 

The book has numerous illustrative 
examples throughout which effectively 
demonstrate new concepts as they are 
introduced. Each chapter concludes with 
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he ancient city of Syracuse seemed doomed. Marcellus, the Roman 
conqueror, had arrived before the walls of Syracuse with “a fleet of 
sixty vessels filled with all sorts of men and missiles.” 

But Marcellus had reckoned without the engineering ability of Archimedes 
(287-212 B.C.) and his amazing new invention: the pulley. Attaching enor- 
mous iron grappling hooks to the new invention, Archimedes swung the 
enemy galleys high over the cliffs of Syracuse and dashed them upon 
the jagged rocks below. 
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ultimate loads (3000-893,000 Ibs.). 


For types operating under normal loads 
with minimum friction requirements. 


For types operating under rotational, 
high radial loads and long cycle life 
where lubrication is impossible. 


705 SO. MOUNTAIN AVE., MONROVIA, CALIFORNIA 
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STRETCH, the world’s fastest 


and most versatile computer, will 
soon be added to the array of 
research tools at Los Alamos 
Scientific Laboratory. This 
multi-million dollar machine, 
built by IBM, is 50 to 75 times 
faster than the IBM 704. 


STRETCH can complete more 
than 75 billion arithmetic 
operations a day. The system can 
execute as many as 2 million 
instructions per second. 


A “look ahead” device anticipates 
instructions and data require- 
ments, thus increasing the 
effective memory speed to make 
use of the enormous speed of 

the arithmetic units. 


For employment information write: 
Personnel Director Division 60-81 


scientific laboratory 
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